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Abstract 
The dcfinlUon of [F¡. F2J (5.1 ) - s tructure manifold is given. lt is approved that there are two distrtbu

lions Land Non the manifold such tha l F'.J2. j = 1,2.3 actan Las almosl complex operalors. and acton Nas 
null operators. It is proved tha!: an invariant submanifold of a [F¡, F2J (5.1) - structu re manifold inherites 

.such a structure. 
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Multiplicidad diferenciable con una estructura 
[Fl,F2] (5,1) 

Resumen 

La definición de m uHipllcidad de estructura (Fl.F2J (5 .1 ) es dada.Se prueba que hay dos distribucIo
nes Ly N sobre la multiplicidad tales que ~2. =1.2.3 aclúan en L como operadores casi complejos. y a ctúan 
sobre N como operadores nulos. Se prueba que una subm u ltiplicidad Invariante de una multiplicidad de 
estruct ura (F¡ ,F2J (5.1 ) hereda una estructura tal. 

Palabras clave: Estructura G polinomial . inlegrabilidad. distribuciones invariantes. 

Introduction 	 If (1) is replaced by 

AG" manifold on which there exists ac" (a) ¡;3 + F = O . 

tensor field F* O of type (1.1) such that (b) rank (1'1 = r S; n (4) 

¡il = -l. 1 ís lhe idenUty tensor (1 ) 	 wh ere n is lhe dimension of M. lhen \Ve say lhat 
we have an F-structu re manifold with structure 

ls called an almost com plex manifold with almosl [3 J. 
complex slruclure [lJ. lfwe have on Mtwo F-structures, F ¡ and F2 • 

If we have on M thre complex slructures such thal 
F¡. F2 • and F3 s u ch that 

(a) F/ + F, = O. (b) Fi + Fz = O. 
(a) Fj2 = -l . i = 1.2,3 (2) 	 (c) F,2 = Fi , (d) F3 = F,F2 = - F2 F¡ (5) 

then Mis called an (F¡ , F2 ) - s truclure manifold(b) 	 F3 = F¡F2 = -F2 F¡. 
with (F¡. F2 } - structure. It is proved that [4J:F2 = F3F¡ = -F¡F':3' 


F¡ = F2F3 = -F3F2 (3) 

(a) F33 + F3 = O. (b) F, = F2F3 = - F3FZ' 

then I F¡ . F2 • F3} are said to define an almost (e) F2 = F3F, = - FJ F3 ' (d) F,2 = F; = F32 (6) 


quarlernion 3-structures on M. lf rank (Fj) = r. 

everywhere on M. tben dimension M = 4r [2 ). If (4) is replaced by 
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(7) 

then M is calIed an F{5,1 ) - s tructure manifold 
w ith F(5 . 1) - s tructure [5J. 

On an F(5 . 1) - structu re manifold M, th e opera
lors 

(b ) m = r + [ (8) 

Applied to Mp for each P E M are complem entary 
projectlon operators . Ifrank (F1 =r evexywh ere on 
M. f and m define two dlfferenUable complemen
tary d is trtbuUons L and N on M of dimension s r 
and n-ro 

Suppose tha t V Is an h-dim ensional sub
manifold of M with imm ersion 

b:V ~ M 	 (9) 

Let B be the J acobian m ap (B is a lin ear 
transfonnation induced by b) such ihat a vector 

fieldXin Vat P E V. I~ BXin Mat b(P) E M. Lel ex ' 
x = 1.2 ... . . n-h be lhe field of normals to V [61 . 

2. [Fl.F2] (5.1)-structure manifold 

Definition 

!.et M be a e'" nc-dim ensional m anifold on 
which there are two (5. 1)- tructures Fi . i =1.2. 
such that 

2(a) F,5 + F, = O, (b) FI2 = F2 

(e) 	 Defme F3 = aF¡FZ = - aF2F¡ (lO) 

1 1 4where a = 2 + ,J2 H (Le. a = - 1). The we say 

that we have an [F }.F21 (5, l)-structure manifold 
with [F I ,F21(5.1)-slructure. 

Theorem 1 

Let Mbe an [Fl . F~](5 , 1 ) - structure mani
fold . Then 

(a) F} + F3 = O (b) FI4 = F2
4 = F3' 

(e) F2 = aF3F¡ = - aFf'3. FI = aF2F3 = - aF3F2 
(d) F¡2 = F2

2 = F32 	 (1 1) 

Proof 

Using (lO) (a) and (e) we h ave 

F; 	 = a 5 (F¡Fz)5 = - a[F¡F2Ff'2F¡F2F¡F2 F'IF2] 

= -a[F¡2F2~F2F1F2F¡P22] = a[F¡3PzFIP2FIF; ] 

= a[F¡~ F'2F¡F2~ ] = - aFloF; = - aFF2 = - F3 

which is (11) (a) 

F34 	 = a(P¡F2)4 = -rF¡P2~F2P¡F2F1F2 ] 
= [~2F2F¡F2F1Fil = [F,3F2FIF2

3] = _ F¡4p24 

= - F¡8 = F¡4 = F2
4 

which is (11) (b) 

Using (10) we have 

..,. - ",5 - c- 4F - F 4F - !. F 3F ' 1 - - r , - -1'1 1 - - 2 ¡ - 2 3 
a 

(1 2) 

aFIF3 = aF¡5F3
5 = W¡F¡4F34F3 

= aF¡Fz8F3 = - aFJF24F3 = - F3F2
3F3 = -F3(al<~) 

= - aFaF¡ 
(1 3) 

(13). (lO) and (11) (a) give 

(14) 

(1 5) 

(14) and (15) suggest that F2 = kFaF¡. k being a 
constant 

4 8F; = k4 (r~J"a)4 = k 4 FtF3 = k 4F2 = - k 4 F24 
4:. k 4 = - 1 = a • 

(1 6) 

Sirnilarly we can prove that 

Whlch is (11) (e) 
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Premu ltiplying F3 = aF¡F2 byF:J we get , from (l6l 

whieh give us (1 1) (d). 

Theorem 2 

On an IF ¡ .F2) (5. 1) - strueture manifold M 

we have 

(17) 

Assu me that rank (F¡) = r = constant. all over 
M. 
Put 

(l8) 

then 

This mean that we have two díffer ntiab le 
distrtbution s L and N on M. 

Proof 

From ( l O) (e) and (11) (e) we have 

This proves (17) 

(19) is obvious. 

Theorem 3 

On an (F¡ . F2J (5,1) - strueture manifold, Je t 
J j = F} then we have 

(a) ~t = p~ = ~ (b)J/ = M j = J j (e) J jR = - R 

(d) Fj m = ~ = O (e) Jjm = O, j =1.2,3 

(20) 

Proof 

Wehave F¡4 = Fj4. USing~5 + F¡ = 0,) = 1.2 ,3 
We have 

- F 5F e = F F 4 = - F F 1 = = F
J J I J) ) ) 

similarly, we have J'.Fj = F¡ 

This proves (20) (a ) 
Us1ng (l O) (a) . and (1 1) (a) and (b) we have 

similarly we h ave J'.J j = J j 
This p roves (20) (b) . 

Using (l O) (a), (1 1) (a) and (b). we have 

This p roves (20 ) (e). 

Using (10) (a) and (1 1) (a) and (b). we have 

F .m = F (F¡4 + J) = FO + F = O 
J j J J 

similarly we have mFj = O . This p roves (20) (d). 
Using (10) (a) and (1 1) (a) and (b) , we have 

similarly we have mJj = O 

Theorem 4 

On an [F ¡ ,F2 J (5.l) - s trueture manifold M, 
~2 U = 1.2.3) aet on Las almost eomplex strue
tures and on N as null operators. 

Proof 

Suppose that X E L Le. fX = X. Th en 

This means that J¡ X E L. We eannot have 
~X= O , because ifwe have J¡X = O , then J~X = O 
or - fX = O. whlch eontradicts our assumpUon. 

(20) (e) states tha t J j R = - R. tbis means that 
J¡ act on L s almost complex operators. Suppose 

that Y E N, Le . mY = Y. From (20) (b) we have 

0Y =0 PY = O. Le. 0 ad on N as n ull operators. 

Invarlant Submanifolds 

Theorem 5 

Let Vbe a ce/" m - dimensional submanifold 
ofa C' n-dimensional manifold M, Jet Fi . i =1,2 be 
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two e'" tensor fi elds of type (1,1 ) on M. Write 
F¡( BX) , as lile s um of tangential and nonnal 
parts. where X is a vector fleld in V. 

(2 1) 

wh reJi are lwo c"~ tensor fields oftype (1 .1) on V . 

Write F¡(C) as lile sum of tangential and n ormal 
parts 

(22) 

Then 

F}{BX ) = B(Ff X} + P/(!SXlCx + Pj" (X}F.J{C J 

=B(F/ X ) + BGj1 (X} + Hlt(XlC y (23) 

F} {BX ) = B U/X) + P/(f}X)Cx + P/(0X}F)C) 
+P/(X)F/(Cxl 

= B(F}Xl + BGj2{X) + H;~(X)Cy (24) 

F/ {BX ) = B W X) + P/lf} X)Cx + pj"(02X}Fj (C,) 

+P/~X}Ff(CJ + pj' (x}F3(CJ 
= B(F/X) + BGj3 (X) + H]~ (X)C v (25) 

F 5 (BX ) = B (f5 X) + p X (f4X)C + p "(f3X}FIC )
J j j J x j J J I x 

+Pj"lff X )Ff(CJ + P/~X)F}(C) 
+P/(Xl!S" (e)" 

= B~5X) + BGj ,(X) + H]4(X)Cy (26) 

whereB(Jj~1 1X) + BGj,(X )andHJ,(X)C y are the tan
gential and nonnal parls lo Vrespectively.j =1.2, 
i = 1,2,3,4 

F.J2(CJ = -B~Pjx) - P/(Pjx)Cy + q (C) 

= -B~Pj) + BTj1 (X ) + R ]2(X)Cy (27) 

!S3(CJ = 	- B lf/PJ.l - P)'~Pjx)C y - Pf(PJx}FJ {e y) 

+aJ.F/(e) = -B~2PJ.J + BJ'.¡2(X) 
+R]2(X)C y (28 ) 

F.J5(C . ) = 	-B~4pjJ - P/~3pjx)C y - P/~ZPjxlF; (Cy ) 
-P/~Pjx}F} (Cy) - P/(PJx}F}(C) 

+a~F/(C y) 
= -B~4pjJ + BTj4 (Xj + RJ4(X)C y (30) 

where - B (flP
JX 

) + B.Tj,{XI and Rj; (X)Cu are the 
Langential and normal parts to V respecLively, 
i = 1.2,3,4 andj = 1,2. 

F;F2(BX) 	= B(fJzX ) + Pt' (f2 X )Cx + P;(X)F;(C.) 

= B (fJ zX ) + BS1Z (X) + U~2 (X)C y (31 ) 

F1Fz(BX ) = B(fJ1X) + Pi' (flX)Cx + P ¡" (X)F2 (CJ 

=B(fJ;X) + BSZ1(X ) + U~I (X)Cy (32) 

where BS¡2()()' B~ ¡ (X), are Ule tangenUal parts 
andU~2(X). Uil(X ) are Ole normal parts. 

Proof 

Premulliplying (2 1) by Fi and u s lng (21) 

agaJn wc gel (23). 

Premultiplying (23) by F¡ and using (21) we 
get (24). S imilarly we can get (25) and (26) . 

Premultlplying (22) by Fi and using (21) we 
get (27). Slmilarly we can get (28). (29) and (30) . 

Prom (2 1) we have 

Premultiplying by F I and (21 ) we get (31). 
Similarly we have (32). 

Theorem 6 

Let M be an [F¡ 1;2) (5, 1) - structure mani 
fold , Olen 

(33) 

H J4 (X ) + Pl(X) = O 	 (34) 

(35) 

(36) 

(37) 

(38) 

Proof 

Misan [F ¡ ,F2 ) (5 . 1) - struclure manifold. 
Then 

F;5(BX) + F;(BX) = O 
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From (26) and (21) we have 

This gives (33) and (34) 

From F¡2(BX ) = F; (BX) we have 

BJ¡2X + BG¡¡(X ) + H I'¡(X)Cy = BJ; X + BGZ¡(X) 

+Hi¡ (X)C y 

This gives (35) and (36) 

FroID 

we have 

B (fJ2 X ) + BS¡2 (X )+UI'2(X )Cy 
= - B(f?J¡X} - BSZ ¡(X } - Ui¡ (X )C y 

This gives (37) and (38) 

Theorem 7 

Let Vbe an invarianl suhmanifold of Mwilh 
respect to both F; , i = 1,2. Then 

F'(B X ) = B (fJ'X ),) = 1,2 and i = 2,3.4.5 (39)j 

F' IC ) = - B (fI-lP ) + aY H"-¡ (C ) (40)
J \' x J JX 1~ !:I 

F¡ F2(BX) = B (fJ2X l. (b) F2F¡ (BX) = B(f~X) 
(41) 

Proof 

That Vis an in variant suhmanifold means 
that 

~(BX) = B~X) => P/ = o. J = 1.2 

This in (23), (24). (25) and (26) give (39) also 
put p; = O in (27). (28) . (29) and (30) give (40). 

with) = 1,2 and i= 2.3 ,4.5. Again ifwe put p; = O 
in (31 ) and (32) we get (4 1) . 

Theorem 8 

Let V be an invarianl s uhmanifold with re
spect lo bolh F; , i = 1.2 of an [F¡. F21(5,1) - struc
ture manifold M. then 

].5 + ]. = O 	 (42) 

J¡2 =J; 	 (43) 

(44)J Jz = -f~ 

and Vltself is an lf¡ .J2] (5, 1) - s tructuremanifold . 

Proof 

Pu ltingj = 2 and 5 in (39) and using the fact 
that 

p;5(BX)+ P;(BX) = O. i = L2 

and F¡2 (BX) = F;(BX) 

we get (42) and (43) 

(41) gives (44) 

4
Let 13 = aJJ2 = - aJ?]¡. a = -1 

We have Vitself is an lf¡ .f2] (5 .1 ) - strncture ma
n ifold. 
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