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Abstract 

In this paper we define the "aleph" partial derivative through an adequate generalization of fue 
usual concept of . ftnite Increment. The main properties of this operator are also established. Thl5 

derlvaHve extenJs tbe classical partia1 derlvative in the same way that the "a1eph" derivative (Aldanondo 

11 ngeneI4l1Zes the fam1l1ar dertvative af an arbltrary functian. 
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La derivada parcial aleph 
Resumen 

En este trabajo se define la derivada parcial "alepb" con el uso de una adecuada generalización del 
concepto usual de incremento Bruto. Se establecen las propiedades mas importantes de este operador y 
se comprueba cómo esta nueva derivada extiende la derivada parcial clasica, de igual manera que la 
derivada "aleph" (Aldanondo (lJ) generaliza la derivada familiar de una función arbitraria. 

Palabras claves: Derivada parcial. aleph. 

by 1. Aldanondo [1), here consldering anotherIntrOdUCtiOD 
adequate extenslon of the usual concept of finite 

The aleph derivatlve of y(t) \s WTitten a(y(t)] incrementoFurthermore, the rnain properties of 
and is a generallzatlon of the familiar derivative thls aleph partial derivative are established. 
dy/ dt. It was introduced by 1. Aldanondo [l J and 
deftned as follows : The ..aleph" partial derivative 

Let z = z(x) be a conUnuosly differentiable
a{y(t)] .. (D{y{t»/g{t)y{t»)If(t) (1) 

functlon in a dornaJn DcRn. Let also f¡ (x,h) and 

gl (x,h) be two functions of the class e l in (he selwhere y(t) , f{t) and g(t) are real-vaJued conti 
D x I. 1being an interval of R and h E 1. Definenuosly differentlable functions on an interval 

1 = llo,al, f(t) = O b t E I) and D = d/dt. the following functions: 

The expresslon (1) 15 sald to be the *aleph 
dertvative" ofy(t) wlth respect to f(t) and g(t), and 
f and g are called generatlng functions of the 
operatora= (D - g)/f. 

In the present paper we defme the "aleph Le., when the pararneter is small enough ( Ih l <~. 
partlal dertvative" wh1ch generalizes fue classlcal ~>O). one has for all x = (Xl . x2.. ... xn) In D: 

partlal derivative. in !he same way as that used 


(2) 
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The expression : 

Is said the general1zed waleph~ increment of the 
function z(x) wtth respect to xI E R (i =1.2.....n) 
correspondlng to gdx). Same denom1natlon 15 

valid for the express10n which corresponds to 
f1(xl . 

Now, we define the waleph increment quo
tlentW of z{x) w:lth respect the vartable XI , by 
means of the following expression: 

!la,z(X) _ Z(X',X2 ....• X¡_1.x¡+h.x¡+ , ..... xn) - 9, (x.h) Z(x) 

!la,XI - x¡+ h - f,(x.h) xi 

(4) 

Deftnition 1 
The limit, lf lt exists: 

Áa,Z(X) l' Z(X1,X2, '" .x,+h. .. .. xrJ - Z(x) - h g2(X) Z(X)1m - - = 1m --'--'---='----'--'-----'-~----.:.~~~~.::. 
h40 Aafl /HO X, + h - '2(X) X," 

, Z(xl,~. ""x,+h, ,, ,.xn) - z(x) 
= 	11m - g2(x) Z(x) ---'- 

h .... O h{1 - x/2 (x)] 1 - x¡!2 (X) 

oVrJX¡- [h(X¡ z(x) 

1 -- xh(X) 

whlch w1Il be denoted by aa;(Z), is said lo be the 

"aleph partíal denvatlve" of z(x) with respect lo 
the variable XI' Putting 1 - x¡f2 (x} = f.{x) , we can 
write: 

(5) 

whenever f.(x) '" O, V x O. 

The functlons [1 and g2 are denorninated 
generating functlons of aa,. TIús operator da, Is 

fully deterrnined by tbose functions [and g. and 
we will write: 

(6) 

Remark 1 
Clearly. when in (5) ft happens that 

&(x) =01 f¡(x) = 1 (VA ¡; D), It 15 obtalned that 
da/2l coincídes with Jz;9x¡. Le .. the aleph partlal 

derivatlve represents an operator more general 
that the usual partial derivative operator. 

Proposition 1 
"The aleph partíal derivative is a linear 

operator from lhe space el (O) into ilself' 

Proof: For z.w Eel (O). and a.~ ER we can 
easlly to prove that: 

Oa, [oz + !3w] : [a i)z/c)x ¡ + ~ dWfcjX¡- g2(x) (az + 13w>]1 ("X) = 

= Ma,(Z) + 13i)~, (w) 

Remark 2 
Observe that. in general. the Maleph" pamal 

derivative of a conslanl runction is not zero. 
since: 

92 (x) 
aa (e) = - c - ,- , Ve E R 

, /..X) 

Il is important lo know when lwo given 

functions f2 (x) and ~(x) In el (O) can be u ed lo 
define generaUng funcUons for Lhe operalor da., 
Hcnce we must sludy Ule kernel 01' iJa I 

Lel V(x) be a function o[ el (O) . Ir V{x) 

belongs lo Ker di/" we can wrile: 

dVldX1 - g2( X) V(x) . 
=0, V X E O: I,e ,

f,(X) 

aV!dx,(X) - 92(X) V(X) =o 

whích is a linear parUal dilTerenUal equation of 
lhe IIr l order. which admils as ~eneral soluUon: 
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Ct being a function in Rn-l not depending of lhe 
vartable Xl-

Conversely,it 1s easily obtaiÍled that any 
funetlon V(x) given by means of (7). belongs to 

Ker aa¡, Hence the followlng lheorem holds. 

Theorem 1 
'lhe kernel of lhe aJeph operator aa is: 

I 

Ker ua = Ia(x) eGlx) / X E DI 
I 

a and Gbeing el -functions. with 11 depending to 
lhe variable x = (Xl 'X2 .... ,Xi-1 ,X¡¡.l .... ,Xn) and G lo lhe 

vartable x, and such lhat CJGfcJx¡=92. where ~ is 
llie generating function" . 

On the other hand. and foJlowing with our 
research oC llie structure of the operalor as¡, 

eonsider lhe sel F= (z(x) E el (D) / there exists: 

as¡(z)} . Let Zo be a fixed funeUon of F. We say lhal 

lwo functions u and v of F are equivalent with 
respeet to Zo. if and on1y ir. lhere ex:ists a funetion 

m E F such lhat: 

u=v mZo 

We wllI denote thls relaUon by .:=. Il can 
proved wilboul dilTicuLly lhat.:= i an equivalence 
relallon . Iz) will be lhe equivalenee c1as of z and 

FIZo U1e quotlenl seL In lhts sel define the 
following ope;-ator: 

daj {z} 1= ( 0s/(z) } 

Now. we need prove lhat as¡ saUsfies lhe 

uniform property . i.e. lhe class of lhis operator 
does nol depend of lhe chosen functlon zo. 

Let ¿.tI E F wlth Z.lI E (zl Then ther exJst 

a functlon tll E F stlch that ti = Z + IllZn. For 
applylllS( ¡io , Orle has: 

Oa,({U}) = { aa/tu) }. i.e. 

da,(Z) + miJai(zo) =Oa,(Z) + nzo. lar n E F 

and consequent1y: 

or: 

Thus, by virtue of the theorem 1, ZO(x) must 

be of the fonn: 
zo(x) =a(x) J IG<X) + AF(X)] dx¡ 

where: xERn-l . Ct E C1(Rn-l), AE C1(Dl. G and FE 

CI(D). with : 

dG(X)/ax¡ =92(X) and aF(x)/ax¡ = ,¡(x). V X E o 

Hence. the unlform property will be vertfied 

in a quotlent sel of the form F/(G+A.F). In the 
particular case in whieh A(X) = o. V X E D, the 
operator aa, satlsfies this property in the space 

F/Ker as¡ . 

Properties of the aleph partial 
derivative 

In tW seetlon we prove sorne baste proper
tles of the ~alephM partial operator as/ (t = 1.2, 

.. .. n). Henceforth. we shall denote for eaeh i = 
1.2. .... n. fl and gl,as the generatlng functlons of 
the operator as,. 

l. FirsUy. we define the second order aleph 
operator by means of the followmg repre
sentaUon : 

(8) 

Z being a function of the cJass C2 in D. and i.j = 
1.2 . .... n. 

The next result is fundamental for many of 
the applications of lhe operator aa¡ _ 
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Formerly. It is nece sary to give lhe condi

lions lliat must verlCy the generating functlons of 

lile operalors accordíng to the equallty 

(9) 

be valid for any function z l F. provided that dB(Z)
1 

and dalz) aIso belongs to F. By applying (8) two 
I 

consecutive times and taking into account the 

definiUon of lhe operator as" ' we get 

(jzl()X' - g, z] 
da (z) =ds [da(Z)] =da 'r I = 

1I " , [ ' • J 

= 1 [--ª-- [()zI()Xj - 9¡ z] _9¡ [ dzldXI - 9} z] ]= 
f¡ dX, f¡ f¡ 

1 _J... [ ;)2 Z _9 az _[3 ~ + gl] az _[~ _!!J. ~ _gg] z 
- f,t¡ axpx¡ lax¡ (¡x, f¡ i)x¡ dX, f¡ i)x, 'J J 

and in the same way for dS/ , : 

. 1 [ ;lz "z [uf¡ 1 ] JZ [il9' g¡ uf¡ ] ]r)alZj= - -. - - g¡- - --'~ 91 -- ---- - 9¡ 9¡ Z 
~ f¡f, uxpx¡ .CJx¡ iJx¡ f¡ ux, ux, f; ox¡ 

Now, the equality of both expressions allow to 
conclud that: 

Le. 1i must be a funclion of the variable 

ar 1 
~ - =0,
rlx¡ f¡ 

Le. fl mu l be a [unction of 

Furthennore, it is necessary lhal: 

Hence, we can state the follow1ng theorem: 

Theorem 2 
ulf z 1s a funcUon in C2(D) such tbat z. da (z)

I 

and é1a}z) be long to lhe set F. the following rela

tion 

holds, lf and only ir. the generating functlons [l' 

g¡ o[ ds, and lhe ~, gJ ones of iJsl belong to C2 (Dl 

and a1so satisfy: 

f¡(x) = f(>c). !j(x) = f (x) 

Moreover. there exists a function G belonglng to 

e \(D) for which: 

9¡(X) = (VG )¡ (x) and 9¡(X) = ('YG)¡(x)" 

2 . The a1epb partí al derivative of a product 
of functions. 

Ir z and w are two funcUons which belong 

to F. we can obtain three differenl expresstons 
for aa,(z.wl. namely 

. a(z, W )!dx¡ - g¡.z, W CJz!dx¡ - 9¡Z z dW 
W+--=1) Ua ¡ ( Z ,W) = f , f, f; dX¡ 

= W.da,(Z) + 7
z adW 

¡ X¡ 

Now. by using lhe following anotber form to 
operate. it results: 

") a a woz
11 B¡ (Z.W)=z. a/W)+7 a ' 

, X, 

Finally. il can also be found: 
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Iii) aa/(Z,w) =[aL0x¡ - 9¡Z!, w/f¡ +[aw/aX¡ - 9¡W].zIf¡ + 

+z.w.g¡/f¡= Z.da/ W) +W,ds¡(Z) +z,w.g¡lf¡, 

3. The aleph partlal derivatlve of a quotient 
of two functions. 

In the same way, for z, w E F, w(x) -t O, 

VX E Dit can be tnferred that 

z 1 dW 
aa(z/W)= da (Z)/W- ? / -:¡-'

/ / IV'" '¡ QX¡ 

Furthermore: 

oa¡<zlw) = [w,azfc)x, - z.awfc)x¡ - g,.z. wVIl .f¡ = 

= (w.(azldx¡- g¡z)lfJ - [z,(o wfc)x¡ - g¡w)lt,J - g,.z.wlf¡]/"'; = 

=[w.aa¡<Z) - z.aa¡<w)]/w2 - (z.gJy't w.f¡). 

4. The aleph partiaJ deTivatlve of lile power 
of a function. 

Applpng the result on the sectlon 2 two, 
three or more times. we gel. ror Z E F: 

aaS:!) = 2.z.aalZ)+ :I,g, 1';, 


a,,(Z3) = Z.da(f) -t l .de (Z) T i .g,lf, = 3.I.ds/(z) T 2.r .g, /t, 

, I J, 

and from an tnductlve argument It can be proved 
that: 

1aa¡<.t) = n.r .aa,<Z) + (~1 ) . .t.g¡ Ifj, V n E N. 

5. Lel us define the operators : 

da,'" [f¡,aGfc)x¡J, i = 1,2, " ,n 

where G E C2 (D) and f( E el (D), Vi = 1,2.....n . 

We can work w1th two operators of the 
previous type as follows : 

Thus, ir we have: 

It holds: 

da¡rZ) + daiZ) =[Clzfc)x¡ - aGfc)x¡.z]/f¡ +¡dZ!dX¡ - dGft)x¡.zVf; = 

ti + f; 
= --, . (dzldx¡ - z.dGfc)xd, 

f¡Ji 

i.e . da¡ + da' , defines a new operator of the same 

type d~~ , which depends of the generatlg func 

tions: 

Moreover, lt can be proven without diffi 
culty lhal the addltion defines a structure of 
abe)jan group into the class of the aleph partial 
operalors of the form lf(,a%xJ. 
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