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ABSTRACT 

In lhis paper the authors have presented the 
formal solutions of tr'ple integral equations as
soc1ated ""Üh Hankel kernels. J t has Ill!en hown hy 
the application of a known lntegral involving prou
u~ts o[ Bessel functlon and lhe known solutions of 
Abel's integral equation that the problem reduces 
to that of solving Fredholm integral equation lO 
he first kind which can be easilv solved by nume

dcal merl.odo. The results Bivell ~nh~. by Goohc 
and Tranter follow, as special cases. 

RESUNEN 

En este trabajo se considera la Soluclón for
mal de ecuaciones integrales triples asociados con 
105 KernelB tlanKel. Una inLegral conocIda Que invo
lucran los productos de funciones de BeaBe! r la 

~~uQción in~e~ral de hbcl han Bitlo u[lLiZotlo Dorñ 
-reducir el problema a \1n8 ecuacion dI! lipo Fredholm 
de primera c lase ln cual puede ser resuelta f~cil
mente por metodos numéricos. Los resultados de 
Tranter y Cooke ~esultan como casos particulares. 

IN THE SOLUTION OF TRIPLE INTEGRAL EQUATIONS 

f uP H(u)J (ux)du o (O < x < a) ... (2.1)
a 

(\ 

J u
q H(U)J~(ux)du = f(x), (a < x ~ b) ... (2.2) 

O 

< l{f uP H(u)J (ux)au = O, (h < 01» ...(2.3)
a 


o 


where P and q are given constants and H(u) is an 
unknowu function oE u to be determined. 

Two forms oE the formal solutiona wi 11 be 

obta{ned by emploving different mechods. For the 

gAk~ of h~~V1~y, Wé w~ merely outl~ne the proots. 

TIle first form of the formal Solutlon of the 
triple integral equatioos obtained is 

bJ
H(u) = u -

p J r0(r) J (ur )dr ... (2.4) 
a 

a 
l . INTRODUCTION 

where 
equations with Hanke1 kernels has been the subjeet 
of interest during the last two deeades and several 
Duchora have conLributed a number o[ pap ra nota~ly 

Formal solutiooB of ce~tain triple integral 

28inr(~g-~-p) b
by Tranter ([960), Cooke (1963, 1963/64, 1965) ,Wil s C(s)ds 

___----...:2~_ r,,-l d~ f 
liams (1963). Lowndes (1969) and Noble (1958,1963). 

r 

!he method followed in obtaining the formal 
solutions o[ the integral equaLious (2.1) , (2.2)and 
(2.3) given in Seetion 2 i¡; essentially due to No ... (2.5) 

ble (L958). 
and 

2. TRIPLE. INTEGRAL EQUATIONS ANO rnEIR SOLUTI::JNS 
r.+P-'~-9 

r( 2 
!he following triple integral equations will 

be solved /lere. 
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where 

b rl+q-a-p 

x - J t -13+1 (t 2-a2) 2 f(t)dt 
a 

... (2.6) 

... .l~J~ 

(O < r < a) 

and 

atp..tl-q 

f,(Y) =r-~{¡1-b2) Z 

Il+q-a-p 
b b S+l 2. 2. 2 

v [ J f (y)K2 (y , r)dy - f .::.t_.>..:(b::.........;-t::....L)__-.!f~(.:...t)~d..::.t 
a a r2_t2 

with R(o + ~ + q - P + 2) > O, R(p - q + 1) > O, 

.. 
I a

2 I <: 1, + ! f(y)K2 (y,r)dr ] (b < r <: <a) .•. (2.10)
a2 

where 
(2.7) is a F~edholm integral equation o[ the first 

kind, which can be solved numerical1y. Knowing G(s), 

we can obtain 0(r) f~om (2.5) and H(u) can then be KZ(y,r) 

cslculated f~am (2.4). 


The second form of the foma! solution tbat 
will be developed bere is ¡)+q-a-p 

y-~1(y2_b2) 2 aa+S+p-q+2r(~+1) r(a+p-~-q+2) 

2r2 ba+P-d-q r (a+t!+p-g+4) 
1 s b 2 

~(u) ~ u -q f rfJ(r) Jd(ur)dr + f rf(r)Jd(ur}dr 
o 8 

(3) o+O-8-q 0+6+P-q+4. a2. a 2 ~ 
x Fn (6+1,1,1, ' 2 2 • , , ), 

y2 r 2 ¡,2. 

+ f rf2 (~)Ja (ur)dr ..• (2.8) 
.•. (2.11)b 
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with R(S+l) > O, R(~ + p - 6 - q + 2) > O, Now tt can be treated in the same way as in 
che proof of the first formo Then on applying the 
results Wacson (1940, pp. 373, 401) and after eval
uacing che"definite integrals ínvolved in che ana
lysís with the help of the formula : 

PROOF OF mE FIRST FORM o i=l 

In view of (2.1), (2.3) and the Hankel's in 2d+C+l r(~) r(d+1)
version formula it is observed that the unltnown a n 

-~ 
function H{u) can be represented as (2.4). We naw 2 s. 

~ r(2d+c+)
substitute the value of H(u) rOID (2.4) in (~2), 2 
invert the order of integratíon, apply the formula 
Erd~lyi, A. ec al (1954, p. 48) and Euler'a integral 
hypergeometr~c function. Further we suppose that 

x F(n) (c+1 ~ . 2d+C+3. ~, ... ,
D 2 '(JI'···' n' -2--' 

2a
J 

where R(c+l) > O, R(d+l) > O, I aL I < 

g~
1. 

then 00 applying the vaz¡iants of Abel' s integral for i 1•.•. tn, 
equation Sneddon (1966, p. 41) the desíred results 
(2.4) 	and (2.6) are obtaíned. 

we arrive ae the resulto 

Lee For a detailed discUBsion of Lauricella func
tion 

qf u H(u)JS{ux)du f¡(x), (O < x ~ a) 
o 

C(s) • 

the readers are referred to the monograph by Excon 
(1976, p. 41) 

then H(u) can be represented by the equation{2.B). !he !luchors are thankful to the referee for
Froro (2.1), (2 . ) and (2.8) it is found that for giving soma ueeful suggestions in rhe improve

ment of this papero 

11 (x) + ~ (x) + IZ (x) ,. O, (O<x<a; b<x<"') 
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