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ABSTRACf 

Asymptotic expansions for the percentile and distribution of 

the statistic T = mT~ ~l~;l have been studied where m~l has non-cen

tral Wishart distri bution, W(m, p, kl' ~) and ~2 has central Wishart 

distribution, W(n,p'¿ zl . Let (El = Tn E =Tn(ª- l ~-I) , where ¿~ l = ª 
and f~ l= ~. Chattopadhyay [3J obtained asymptot i c expansions f~r the 

percent ile and e .d. f . of T up t o terrns of order n- 1negleeting 6· ·6~0 
-<..} ru. 

terrns where 6. · is the (i,j)th el ement of F. In this paper, the work 
-<..j 

of Chattopadhyay i s extended to i nclude the 6. ·6L.0 terms neglected
-<"j ru. 

by him whieh improves the expansion a great deal as is shown in the 

tabulation of powers provided. The work is useful for robustness 

studies. 
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RESUMEN 

El obj eto de este trabajo es extender lo estudiado por Chattopad
hyay sobre expansiones asintóticas para el percentil y la distribu
ción del estadístico 

-1 
T = mTJc. ~1~2 • 

Para el estadístico ~ = mTIC. S1S-1 donde mS tiene distribución - -z -1 

Wishart no-central W(m,p,íl'~) y ~z tiene distribuci6n Wishart cen

tral W(n,p,kz l con IEI = TIC. E = TIC.!ª-16-I), donde ~~l = ªy ~~1 = 6, 
Chattopadhyay obtuvo expansiones asint6ticas para el percentil y la 
función de densidad acumulada de T sobre los términos de orden n- 1 

, 

despreciando los términos 6).]nU donde n,¿] es el elemento I,¿,]) ~si 
IDO de F. 

La extensión del trabajo de Chattopadhyay consiste en la inclu
si6n de los términos n'¿j6kt en el estudio de las expansiones asint6
ticas para el percentil y la distribuci6n aCl.Ull.llada de T 10 cual me
jora la expansi6n. 
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1. IN1RODUCTION 

Asymptotic expansions for the distribution and percentile of 

the statistic T = m TIt S S_1 have been obtained by the authors [13J. 
~1-2 

up to tenns of the order 1/'(/.2 where m~l and ~2 have independent 
central Wishart distributions with m degrees of rreedom and covari 

anee matrix kl,W!m,p, kl) ' arrd with n degrees of freedom and covari

anee matrix L, W!n,p ,Ll , respeetively. Further, denoting the non

eentrality by IEl = Tité = TIL(rl~-Il , where I~l = ª and I~l = ~ , 

tenns involving 6, ·61.. 0 where n., is the ('¿,jJ-th elemen'( of F, which 
4~ ~ - 

were previously neglected by Chattopadhyay and Pillai [2 J , were also 

ineluded . In this paper again we extend the work of Chattopadhyay 

[3J who 'derived an asymptotic expansion up to tenns of order 1IVI., 
neglecting Ó, ·ÓI..O tenns for e.d.f. and percentile of the trace sta

..t} ru. 
tistic when m~l has non-central Wishart distribution with m degrees 

of freedom, covariance matrix fl and non-centrality matrix ~ , 

W(m,p,L,~) and YI...$2 distributed central Wishart W(YL,p,L) • The ex

tension in this case is to include the Ó. ·ÓL.O tenns neglected by
..t} ru. 

him . It may be noted t hat these terms were found to improve the ex

pansion as we have shown in [13J . The results are helpfu1 for the 

study of the violat i on of a) the assumption of a connnon covariance 

matrix in the MANOVA test based on the trace statistic and b) nor

mality assumption m testing kl :: f2' When ~ l :: L ' asymptotic ex 
pansions of the non-central c.d.f. have been studied by several au 

thors [6J and [17J. 

2. TIIE ME1HOD OF ASYMPTOTIC EXPANSIOO' 

The notations m this paper generally follow those of [13] and 

other papers referred to earlier [2J , [sJ , but additional notations 

will be mtroduced here . The rnethod herein is also to obtain an 

asymptotic expansion for the percentile of T first) and use it to 

derive an expansion for tbe c.d..f. of T , • .meTe T may be defined as 
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follows: 

Let ~ = (~11' " '~mJ be a pxm matrix of independently distrib

uted columns vectors where z· has the density N(~.,¿ 1, ~ = 1, ••• ,m. 
-~ _~ _1 

m 
Then we may define T = T~ S-1 ZZ '= I Z~S-lZ. where nS is distrib

-2 -- . -~-2 -~ -2 
~=l 

uted W(n,p'¿2 1 independently of ~. 

Now it"" ~; 1 is replaced by ~ in T, then TIt. ~H' is distributed 
as a non-central chi-square with mp degrees of freedom and non-cen
trality parameter w

2 
, where, 

we may note that 

f
e p+J -1 -x / 2 dPJt{TIt §g' < e} x e. x 

o 

where, G (e,w2 
) is the c.d.f. of non-central chi -square with mp de

mp 2 
grees of freedom and the non-centrality parameter w . 

Let 

As a first approximation , for large Yl. we may replace A-1 by ª2 in 

G(e), and consider 

G(e ) = PJt{TJt S-l ZZ' < 8}. 
- 2 

Fur thenno re , as suggested by Ito [SJ, obtain a function h (~2) of the 

elements of ~2. ann Y\. large enoug'h sucn tnat 
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(2.1) 


and then write h!~21 as a series with the first tenn being a linear 
function of independent non-central chi-square variables and tenns 
of decreasing arder of magnitude, (see Equation (2.8)). 

Now (2.1) can be written such that, 

(2, Z) 


A- 1 
= (a .. ), (.¿,j) :: 11, ... ,pl. (2.3) 

-<"j 

Thus, 

1 , - l ) } 
P~{T~ ~~ l ~~' ~ h(~2 ) 1 ~2 } = { exp lT~(~2 -~- ) ~1 p~{Tn ~~~ ~ h ( ~ , 

(2 . 4) 

where 

(2 . 5) 


and o .. i s the Kronecker delta. Hence 
-<..} 

(2 .6) 


where 
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- 1 11 2 -1 1-Inh 1 
ij = e.xp [ -TJt ~ ~ I - ñ ~ ~ 

(2.7) 


where L denotes the surrnnation over all sufixes !t,}." ••• J each of 

which range from 1 to p. Expanding h ( ~2l around 8 to get 

= e + h (S I + h (S 1 +, , t , (2,8)
1 "'2 2 "'2 

where h,6 (~2 J is oIn-,6) . From equations (2.6) , (2. 7) and expanding 

h (~21 around h(~ 
-1 

1 we can get , 

awhere V := ae ' and by equat:ing tenns of successive order we get 

(2.9) 

For t he purpose of evaluat:ing a~td~ Pn{T~ bZZ' ~ e} we will use the 

perturbation technique [8J. 

Let 

{(A-l ) -1 ZZ' }J = Pn T~ _ + f 5.. e • (2.10) 

where f (pxp) is a synnnetr i c matrix sufficient1y close to Q(pxp ) . 

"Following \ 3 \) \ S \ and \-~ 9 \ , we get 
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J = 11 - ~lll-(m/2) EXp[-w2 /2J • Exp{(1/2)E Tll.!1 - ~ll)-l~}Gmp(e , OI! 

(2.11) 

-"- 2 2where ~ = E-1, tG ple,w ) = G t hl6,w ) and m mp Zt~ 

\mere ~~ is the px.p rnatrix with ¡'¿,j)-th element P/2) !0JÚ0J.>j + 

8 .8 .1. Also by Taylor' s theoreJft ] can be expressed in the follow
Jtj ¿,,t 

ing fonn 

J = {1 + \' E d + _1 \' E E ~.. a.. ,a ... +••• } Plt (Tlt AZZ' < eL (2.12)
L M /fA 2! L M .u.l 'loO -I-U ~~~ -

Now if ª- l~_I = E such that I ch~(EJ I < 1, ~ = 1, ... ,p, using the no 

tations 

-1 
TJt(~M ~) = (Jt.6) 

TIL(~~ ~) (~~ ~J = (M l.tu) 

TIL(E) ( ~~ ~) (~~~ ) = (EIJt.6 I.tu) 

TIL ( fl~J (~~ ~) ( §- l ~ ) ( ~~ ~) = (I+E IM II+E ltu) 

2 2 ~ 2
TJt (E J = (E J, TIL lE J = (E J, ••. ~c. , 

and substituting ~ in (2. 11) , then tenn by tenn comparison bctwcen 

the two expansions of J, (2.12) and (2 .11) after substitut ing ~ will 

give the second derivative a,6.é\vr.PJt{6E ' .:::. e} which can be writt en 

in the following form, 
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(2.13) 

where 

A; = (¡) {-2(I+EI~ l tu) + (!+E I ~ I !+E l tu) 

+2(E l r+E I ~ltu l - 2(f I I+[I~ I I+f l tu) 
2 

- 2rE I EII+E I ~ l w)} + r;.){(I+EIM) (I+E lw) 

+ 2(E) (!+tl~ l tu) - (El (!+EI~ I I+E l tu J - 2(EI IEll+EIM ltul 
2 

- 2(I+FI1L6) (F II+F ltul - (F ) (I+F IMltul} 
~ - ~ 3 

- (76){IEIII+EIM I( !+Eltul + (EI 
2 

II+EllL6ltul , 

other A'. coefficients are available in Appendix e of [14].
j 

3. AN ASYMPTarIC EXPANSION FOR 1HE PERCENTILE OF T :: TI!. S- l zz'. 
-2 --

Recalling that G mp (8,w 
2 

J is the c.d. f . of the non-central chi 

square distribution with mp degrees of freedom and non-centrality 

parameter w 
2 

we may note that 

Hence, it is possible to rewrite (2.13) in the following form, 

(3.1) 

Again, we note 
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As a check for the aboye relationships , let Elpxp J = 1(pxpJ and 

nIpxp ) = 1 Ipxp J, then u should equal p which is the value of 

I a~taUIt (M) Itu l. Similarly v and w will be reduced to I a~,t?UIt 1M Itul 
equal to 1/2plp+11 . With the help of the aboye relationships, it is 

possible to evaluate Aj'.6, J = 0, .. • ,6, after sunnning over all sub

scripts, ~, .6, t, u. 

Now by using (2.9) and the results aboye we get 

-h IA-1¡V P~{T~ AZZ' < e} 
1 - -- - 

4 
1 \ 2 

= -- L aJ(m,pIG + J(8 ,w4 1 
n J=o mp 2 

6 

1 \ z 
+ - L A){m,pIG +Z){ 8,w J, 

n ) = 0 mp 

where 

= mp Im -p- l 1 ao 

al = - Zm lmp-w 2 J, 
2 2 

a = mplm+p+l) -2{2m+p+ll w + ~ Q , z 

a
3 

= 2{{m+p+ll w 
2 

- ~ ~ 
2 
}, 

2 a = ~ r2_ ,
4 
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, J = 0, ... ,6, 


and the aboye can be simplified after tedious algebra and it can be 

written in the following expression, 

] = 0,1, •• . ,6, 


where 

Ao o = O, 

A
01 

= -11/4)[2[(fI 2 
+(el] (p+1l+[(fI 2 +(el+2(el (fl+2(el]L 

A = (1/81 fC(Elp-2(fI 2-3(fl (f21-(f2)21 (p+l1
02 

-[(f)3+/ fl ((~1+6IE21+4IE9IJL 


A03 == -(1/8) [(1/Z1 l IEI 2 p+ (fI 31Ip+1J+(f)p+Z(f)z+(fl (el ] , 


A == {-3(f})[IE
2)+(E 3 11 - 3i {f}[2¡ + (gE 3 1D, 


lO 

All = { [24{e)+18(E3)+(~)(E 1 + [ (3 / Z)p+3(E 
2

¡+3(e )!. ( ~E) 

+ [ - (3/Z)p + 3(fl+3(E2 ¡1 (~E2 ¡ + [3p+3(f )J (~f3l 1 (p+l1 

+ [ (9/2) ((¡2+(45 /Z) (El (e- l +19(EJ (elJ( ~ ) + l (3/z1 ([)2 

2 2 3 2 
+ (9 /Z ) (E )+3 (EJ (E )+4 (E lJ (gE)+[6+Z1 (E)+ (3/ 2 ) (E) 

+ (9/ Z) ([2 ) j (gf2)+ r18([)+54 1( ~e J+36(~E4)+12 ( E l2 

2
+ 12 (E ) +1 8 ( E) (e ¡+ 1 8 (e 1 } / [1 2¡ , 

2 2 2 r 22A == { r-( Flp+3( F )p+8(F ) +9 (F) (F )+ IF) (F )- (F J 
1 2 - - - ~ - - ~ 

+ 1[ ¡2 j If} J/ 2+L-I f lp+2I f I 2+3 If l 1[2 )+1[2 )! ( ~[ )/ 2 

+ G~lp+lE 1 2:i ( ~~2 1 ·1 . ( p+ 1l +r- Z ( ~I+ ( E21- (1 / 2 1. 
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(tI (f2) +(f3 I+2 (E2
) lE) 2+lE) 3J IgI +[-p+2 IEI 

+ 19/21 le l+2(f}2+ lfl lel+2/el+(f}3 / 2] (gEl 

+ [P+12(E)+(3/2) IEI2+2Iel] (gE2)+6(gE3 
j (E) 

+ 4(f)+ZO(f2 )+lZ(f 3 )}/181"'" ..., .... , 

2


AH = {[9(EJ p+leJ (f}2+(1/2J IgJ (f) 3t[IEJ 2t(EJ3J. 13(gEJ/2)]. (p+1) 

+ [3(EI 2+/1/21 (El lt
] (gJ+ [3lEJp+12(f)2+3 (f) (E 2 ¡ 

+ (1/2) (E)S] (9f)+3(9f2
) (E)2+18(f)p+36(fJ 2 

+ 181f2 1If 1 } / (48) ,- ... 

A = { _(~f2J (p+1+[4(E)+42IE
2 

J+36(E
3 

J] 1m
20 

+ [4-3Ig1 IEI-3(gl (E 2 
)] (BE)+[38-(B) (E l] I~() 

A21 ::: {[-8(E)-40Iel - 24(E31+(~1 [4(EI-Z(el-(16/3) (el] 

+ [-2p-20(el -16(eIJ (¡}El+ [4p-zOIEI-16IeJ] IgeJ-(161 

[p+ (El ] I ~E3 1 + [-p/ 2+ lE) +le l] 19E )2 +[2p+2 (El] ( ~EI ( ~e ) 

+ ( ~) (~[I lel] lp+l) - [8IEJ 2 +134(E) IE2 )+ l~O lE) IE3 1+24Ie I 2
] ( ~) 

- [81[l-16+10IEI 2 +36(E2 )+ 634 IE3 1+76(EI ((1] (~EI 

- [64+98(E )+32 (e)+8(EI 2J Ige l- [372+96IEIJ ( ~e) 

- 192(~E4J+[4+6([)+(3 / 2 J ((1+(1 / 2) ([12J ( ~EJ2 

+ [-4+6 lE) 2 +1 (El (e IJ (B) I ~EI-20 (El 2-20 le 1-24 IElIE2 1 

3 
+ 24 (9E I 1-24 lE I+ [ - 2 (E I+ (E 12] I9E~ I ) + [6 (El 
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t rel] r~'!~I+ [14¡EI+(E2IJ (~'~2~)+[28+6(EI] ¡~E). (~el 

t 12 (gfl Ig(il+[-2(fJ+IE2 1] Ig'gl+8IEJ rQ'F 3gJ 


2
 
+ 4Inl (nF2 

}+4 (nF }2 }/ 1161, 
-~ 

Á22 	 = { [-4rElp-4o rEI 
2 
-36IEIIE2 1-12Ielp- [8IEI rel 

+ 2IEI2] I ~ l +[41EI p-20 (E1 2 
.. 241fl re) -8 le1p] (QEI 

- 16[IElpt(EI 
2
] (QE

2 
J+[IEIp+IEJ 2] I~EI2+(~J (BE) (EJ 2

] . (p+ll 

+ [24(EI-16(eJ-15(EI 3 -32¡(1 fE}2] (~I+[72p-8(EI3-32Iel 

2 
- 24(EJ-84IeJ-26(EI - 7'6IEJ (E 2 !] (gEJ- [16p+20oIEJ 

2 2	 2 2+ 32(E )+24IEJ ] (gE
2
)+[Ptl0IEJ+(E 1+(EI ] (gE)2 

3 
- 32(fl- 88 (eJ-12{EI -12(EJ (E2 

J-48(eJ-32(E) (QE' j 

+ (Q'E29J (E) 2+4(QEI (El+4(QEI (QE2 
) (EJ}/(32), 

A2 3 	 = - {[ [ ( 3/2 J (r) 2 p+ (3/2 ) (E) 3] (ºE J+ ( 1 /2 J (g 1lE J3] • (p+ 1J 

+ [3(E)p+12(tI2+3(r2) (tJ+U/21 (tJ3] (Qt)+[3(tI 
2 
+(1/21 

2
(E) '+] (g) +3 (E) 2 IQ( ) } / ( 12) , 

and 	other AJK coefficients are available in Appendix e of [14] . 

As an irnmediate result hLS J can be expressed in the following rnan 
2 

ner: 

1 1+ 	 2 

h(ª2 J = e - [-4 L a.J(m,p)G +2J( e,w)
11. J=o mp 

6 

1 \' 2 ] 11' 1 -2 
+ 	 f ¿ A;Gmp+2J( 8, w J [G (e) -1 

+ 0(11. J . (3.2) 
J =o 
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Now e is the appropriate percentile of the linear ftmction of inde
pendent non-central chi-square variables of the form 

~. 22 Pz 2 
y = L Jo..X .(m,w.), Lw. = w , A.'4 are the characteristic roots of 

j = I f f .(. i= 1 ~ f 

~~- l and G(e) is the c.d.f. oE Y in terms of the percentile . Finally, 

we can state the following theorern: 

'lliEOREM 1 Lel ~ = ( ~ 1 ' ... 1 ~m ) be a. pxm M.ndom mCLtlúx 06 bt 
depende.ntty cü.6.:tJUbu:te.d c.ofumn Ve.c.:tOM wheJte. z. ha6 :the. de.YI.6ily

-,(.1
N(fl " L=6- ), aJtd nS CÜ6tJúbu:ted c.entJta.t W,uhcvr,t W(n,p, L = A-1) . 

-~ _1 - -2 -1 _2 -

Undelr. :Che CtMwnp:tion :tha;t ~ ~ = !+~ and ICh,¿ (~J I < 1, ,¿ = 1, ... ,p, 

.the.n an M~rmptoUc. expGlYL6'¿on ÓOIL .the peJtc.e.n:U1.e Oó T ,u g'¿ven by 

Equa.ti.on (3.2). 

The following are special cases of (3.2). 

CASE 1. When tenns involving tí· ,ó"o are negligible, where ó··
,(.J r«. 2 2 3-<..j 

is the ('¿,j) element of E, tenns like lE) , lE ) and (~) fE ) could 

be dropped. Consequently AG disappears and Ao' Al up to As are re 

duced drastically and finally (3.2) agrees with the result of 

Chattopadhyay r3J up to the indicated order. 

CASE 2. Under the equality of the two covariance matrices, 

the deviation matrix is zero. Putting {f} = O in (3.2), we get Equa

tion (6.4) of iotani ['9J. 

4. AN ASYf'.WIUITC EXPAl'-JSION FOR 1HE C.D.F. OF T = TIt S-l ZZ' o 
-2 

In this section an asymptotie expansion for the e.d.f. of T up 

to O(n- 1) is derived us ing the method described in the last seetion. 

Also i ti s possible to \vrite 

http:Equa.ti.on


--- -
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-}
Pn{Tn S ZZI < els }P~{dS }= f -2 -- - -2 -2 

R 

= S Pn{Tn AZZ I < e} 

and @is given by Equation (2.7). It follows that 

Under the asStUnptions of Theorem 3. 1, we get 

l¡ 

-1 1 \' 2
P/dTIt ~2 El < e} = G(e] + - l.. dJ{m,p) Gmp+2J le,w)

4n J=o 

6 

+ ~ J~o A P+2Jle,(
2 

) + O(n-
2 

), (4.1)JGm

a¡'t. and A;'I.> are the sarne as in Section 3 . Gle) and Gmp(e,o/ I are 

as defined earlier. Then 

TI-lEOREM 2 UndeJz.. the. MI.>UJl1pWn-6 06 the. plte.(JioUl.> the.one.m an 

MljYI1ptolic. e.xpan-6ion nolt :Che. c .d. f. 06 T .ú.:. give.n by (4 .1). 

Similarly we can get the two special cases as we pointed out in 

the previous Section. 

5. NUMERlCAL RESULTS 

The expansion given by Equation (4.1) has been used here to 

compute the powers of the test when the departure from the null hy

pothesis occurs . The following tabIe shows these powers. For tabu
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latían of this table , the upper fíve percent points were taken from 

Pillai an Jayachandran [11J. TabIe 1 i s in agreement with findings 

in TabIe 1 of [13J where negIecting 6¡j6k1 tenns was found to exag
gerate the powers. 
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rABLE 1 

Powers of T Test Under Violations for p = 2, m = 3, a = 0.05 while 

the Deviation Matrix has Equal Deviation Parameters 

Up to the
W w (El n = 83

1 2 order 

.00001 0(1) .0379288 

O(n- 1¡ .049277 (.049273) 

O .00001 .00015 0(1) .037942 

0(n-1l .049296 (.049344 ) 

.005 0(1) .038399 

0(n- 1 ¡ .049433 (.04977) 

.00001 O(1 ) .03793 

0(n- 1
) .049279 (.049276) 

O .0001 .00015 0(1) .037945 

0(n- 1 ¡ .049300 ( .049347) 

.005 O{JI .038403 

0In- 1
) .049636 (.05182) 

.00001 0(1) .038085 

OIn-1 l .04944 1.049455) 

O .005 .00015 0(1 ) . 038098 
-1

OIn ) .049437 (.049475) 

.005 0(7 ) .038557 

Oln 1 ¡ .0499188 1 ( . 05200) 

The figures in () are computed using Chattopadhyay expansion [3J. 

1 Further work in progress by Pillai and Y. S . Hsu for 0!n-2 
) order 

terms gives the value .05073. 
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