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ABSTRACf 

The object of the present paper is to discuss cer taín conver 

gence properties of the Lambert transfonn and to deve10p an inver

sion technique. The properties given here are necessary in the ap 

p1ication of this transform to íntegra1 equations , differential equa

t i ons and methods of analytic continuation of power series . 

RESUMEN 

El obj eto de este trabaj o es discutir a1gtmas propiedades de 

convergencia de la trans ormada de Lambert, y desarrollar lUla técni 

ca de inversión. Las propiedades dadas son necesarias para la apl i 

cacÍón de esta transformada a ecuaciones diferenciales , ecuaciones 

integrales y los métodos de continuación analítica de series de po

tencias. 
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1 • INTRODUCfrON 

In this paper certain convergence properties oí the Lambert 

transíorm are discussed and an inversion technique is developed. The 

convergence properties discussed herein are essential in the deter

mination of the analyticity of the Lambert transforID and these prop

erties are necessary in the application of the transform to integral 
equations, differential equations, or methods oí analytic continua

tion oí power series. 

If we denote the Lambert transform of F{t) by 

LM{F(t) } = f 00 J.,~ F(tl di = n(~) 
o e -1 

for those values of J., for which the integral converges , the follow

ing can easily be verified using tables of integral transforms Or by 
. . 

wrl.trng 
1 

J.,t = 
~ -Mt
Le . 

e -1 tt= 1 

= r(a.+2} r;(a.+2) , Re J., > O , Re Ct > -1 , (1. 1) 
-6 a.+ 1 

where r (z) is the gamma mctíon and z: (z) is the Riemann zeta ftmc

t ion defined as 

00 

L; (z ) 

It can be observed once the convergence properties have been 

established that the Lambert transfoI11l will exist for the class of 

ftmctions ehaving the property that F E -r; implies F (z) has the ex

00 

t \ t1. wh -1 < \ < A < • .. i s an increasingpan5 ion F(z ) = l.. a. z , ere o 1n 
n=~ 
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sequence of real munbers with A -).,. 00 as n-) 00 and the series for F n 
has a non-zero radius of convergence. 

2. CCM'ERGENCE OF mE LAMBERT TRANSFORM 

Goldberg [4J proved that if the transfom 

FrxJ = J	00 Klx,t) d edt l, x real, (2.1 ) 
0+ 

00 -kx;t 
K(x,tl = I a.h, e. for fairly general class of sequences {a.h,} , 

k=l 

converges for sorne x.o > O and if ah.. = O(h.. 
Jt-l l for sorne Jt ~ O, as 

h.. - ) 00, and 

J
I l<l lt) I 

o t'1.+1 

then the transform (2. 1) converges for all x ~ x ' This result wil lo 
be extended in this section. 

In discussing convergence it can be seen that the Lambert traIE 

fonn of the [1IDct ion 6(t) :- [1, t > O, fails t o exist due to the 

behavior of the fooction as t - > 0+ . However , the Lambert transfonn 

-1-	 _1- r (~) z:(i)
of G(t) '" t , t > O, ex.ists and has the value LM {t 2} '" 2 2 

.1.. 
~ 2 

provided Re. ~ > O. In fact, convergen ce of t he transfonn at the lower 

limit is assured for F(t ) if t1 - CF (t ) - > O as t -) 0+ for sorne Ó E 10,7 l. 
An. equivalent way of assuring convergence at the lower limit of the 

transfonn, as is connnon in the discuss ion of convergence of the 

Laplace transfonn , is to restrict our class of fLmctions to those 

functions FIt) such that r 
1) 

IFIt ) IcLt is convergent wit h respect to 
G 
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the lower 1imit. 

THEOREM 2.1 16 -ihe LambVlt -ÚtteglUli. 

LM{F (t)} =J -61. F(tI dt.<Xl (2.2)
o e-6t_1 

1.1> c.onveJtgent 60fL .6 = Jo wilh Re.6 > O, .then .the btteflW -l6 c.ono 
veJt.gent ÓOIL aU. .6 wi;th Re.6 > Re.6 • o 

PJLOO 6: First we consider the integral (2.2) with respect to 

its lower limito Since we are considering functions F{.tl such that 

JbIF(t) Idt converges with respect to the lower limit, then given 

€ 
D 
> O, there is a <5 > O 

. 
such that for aH 0 , Ó2 with O < t\ < e2 < e,

1 

It can be shown that for all ~ with Re. ~ :/ O 

This implies the existance of a real number Jt > O such that for all 

.t € IO,Jtl , 

Hence, if O < 01 < 02 < nún (o,Jt), we have 
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which implies convergence at the lower limit of (2.2) for all }, with 

Re ~ I O, and in particular far Re. ~ ) Re. ~o • 

In consideration of the upper limi t, suppose LM{ F(tI } lS con

vergent for ~ = ~o and set 

OO ~;t 

R(x) = 
{ 

~ °t F(t)cit (2.3) 
x e. o -1 

SO that IR (x II can be made arbitrari1y small by choosing x suffi 

ciently large. We also have, for almost all x, 

R' (xl = 

Now consider for w > x, 

Perfonning integration by part s we have 

w .6 ot 1 \W ~t F( t )dt = _ ~ e - R(tl 
~t .6tJx e - 1 .6 0 e -1 x. 
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·rx 
(2.4) 

By hypothesis we a5sume Re. .6 o > Oso that for an arbi trary but fixed 

.6 with Re..6 > Re..6 o > Owe have 

o , 

which implies that we can find a real number Xl such that for all 

t > Xl ' 

< 1 • 


Since IR (t) I can be made arbitrari1y srnall by choosing t suffi 

ciently large) then for all t larger than sorne number x
2 
~ Xl we 

have 

(2.5) 


Also for .6 fixed with Re .6 > Re .6 o > O, i t is possible to find 

a real number n > O such that Re .6 > Re .6 o + n. Thus we can write 

and 
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smce Re..6 > Re..6 o > O and Re. (.6-.6 
0 
-n I > O. It is then possible to 

find a real mnnber x
3 

sufficiently large so that for aH t > xa we 

have the following inequalities; 

Thus for all x and wwith x < x < w,
3 

(2 . 6) 


o 

Again considering .6 arbitrary but fixed with Re. .6 > Re. .6 o > O 

we choose n > O such that Re .6 > Re .6 0 + n. Then 

.6 2 e..6t ¡e..6 o:t- 71 e..6t .6 2 e..6 ot-1 

.6 
0 

(e..6t_ 1) 2 e..61- 1 ~ 
o 

e.61_1 

= 
1 .6 

2 ¡é ot -11 ent -nt e. 
l -e-.6t .6 (é:t-1 J 

(.'2. .1) 




-84

and we may write 


(2.8) 


However, 


< \~\ _Re_(_~_o+_n_l Un! e-Re(~-~o-n),t-_ ,t->oo - O, 
~o Re ~ 

since Re(~-~o-n) > O, and we also have 

Uro en,t 

,t - > 00 eRe ~t-1 

Uro e.-Re(ó-nl,t = O 
= \~\_n ,t -> 00 

.6 o Re. ó 

since Re .6 > Re .6 o -r n implies Re I~-n) > Re. ¿, o > O. Also 

,Um .f.hn 1 
.t->oo l_e.-.6t ::. ,t->oo 1_e.-Re .6,t = 

sinc.e Re. 6 > Q. A.ccordingly we may find an x
4 

sufficiently large so 

http:l_e.-.6t
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that each of the fo11owing inequalities is valid for al1 t > x~; 


(2.9) 


< 1/4 , (2.10) 


< 2 (2. 11 ) 

IR (t) I <En (2.12)
4 

TIros, applying (2.9) and (2.10) to (2.8) and this result along with 

(2.11) to (2.7), we may conclude that for .6 fixed with Re .6 >Re .6 o > O 

and choosing n > O such that Re.6 > Re .6 o + n, then for all t > x~ 

we have 

..6 2 e.6.t(ehot_l1 -ni< e , 
06 (e.6t_1 ) 2 

0 

so that using this resul t and that of (2 . 12) , then for all x and w 
with x < x < w,

'+ 

(2 .13) 




l 
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Hence, taking the absolute value on both sides of (2.4) , using the 

triangle inequality on the right-hand side and refering to (2.5) , 

(2.6) and (2.13) we can conclude that given ~, arbitrary but fixed, 

with Re.6 >Re ho > O, and given E> O we can find a K = max (x2.,x ,x
3 lt 

so that for all X and wwith K< X < w, 

W t+ 
_'-r-J-t.._ Ft:t) d:t E E E EfX < '4 .,. 4" + 4" + 4" = E • e.lJt -1 

This cancludes the proof of the theorem. 

It can be noted that if we restrict .6 to a bm.mded region B 

properly conta:ined :in the regían Re [.6-.6 0 1 > O we can arrive at in

equalities independent of any .6 E B. This leads to the following the

orem. 

THEOREM 2.2 16 the LambeJtt .úLtegJtai.. 

LM{F{t)} = f oo .6t F(t)dt
.6t 1o e. 

,{;6 c.onvV!.ge.n;t a.,t.6 = .6 o whV!.e Re. .6 o > O, tite.n 60lt rut MbilJr.a/l.Ij 1te.a1. 

YlW1l bVt n > O .the. Lam beAt i.Yl.te.gJtai. ,{;6 ul1i.6o/tI1Jly c.a nveItg e.n.t th!toug hau.t 

ruty baunde.d Ite.gi.on c.oYLtiúne.d i.n the. hctt6 p.ta..ne. Re. {.6 -.6 1 > n > O. o 

3 . AN INVERSIrn FORMULA 

We now state as a len:una a Cauchy integral type fomula that 

will be used to develop an inversion teclmique which is very useful 

for a certain class of functions. This lemma will be proved for com

pleteness. 

http:p.ta..ne
http:Ite.gi.on
http:MbilJr.a/l.Ij
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00 a 
LEMMA 3.1 Let 6(z) be 06 the 60ñm 61z) = L ~ , eonvekging 

n=l z 
6011. c.omp.f.ex. z wUh IzI > R > O, ¡he. a being C.OM-taná. The.n , lefti.ng 

'6 n e de.n.ote tRe. c..Utc.le. z = p e,{. , p > R, O~ 8 < 21T, ¡he. 60Junuf.a. 

6 ( zJ dz = á(a) (3.1)
J a. - z 
c. 

i..!.J vaL(.d 601{. all. c.omplex valuu a wah Ial > p > R. 

PItOOb; The integral in (3.1) is familiar in the derivationof 
Laurent series . Here we evaluate the integral by making the substi 

tution z :: !... , which yields
w 

I ~(zJ dz 1 9 (w) dw (3.2)1 1 -	 f2lT.{. a. z a. 211.{. + w - c. 	 c. a. 
1 

where 9 (w) :: 	l 6r~) :: al + a w + ... , which by hypothesis will con-
w 7 w 2 -,¿e 1 

verge for ¡w¡ 	 < R = !t, and where c. is the circle w :: !t e. ,!t:: Ji ' 
l 

O ~ e ~ 211. 	 Now, applying the Cauchy integral formula , we have. 

smce L is interior t el' 
a. 

1 f 9 [w) dw = 9 (~) == a 6(a) • (3 . 3) 
2"..{. + w - L a 

c. a
l 

Substituting the result of (3.3) into (3.2) we have 

f á ( z ) dz '" l ra 1Í (a.) J '" ¡) (a) , 
a - z a 

c. 

trre Üe~iTeÜ IC~ult , 

http:c..Utc.le
http:lefti.ng
http:c.omp.f.ex
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We will now develop an inversion formula for the Lambert trans

fonn which is accomplished by use of the Residue Theorem. 

THEOREM 3.1 16 

6{~1 =J CX) ~1 F(t)dt (3.4) 
o e. -1 

00 a. 
61~ 1 = L ~ , I~ I > R, 

n=l ~ 

the. bLteglULt -in (3.4) c.onveJLg.ú1.g noJt al. lea.6t Re. .6 > p, w.ith p > R, 

then, lettútg 

00 

<p Iztl = 1. 
n=o r ln+21 z: ln+21 

and c. be .the. C.WLVe. z = Jt e.{.
"S 

, O ~ e ~ 27T, IL > p, we. ha.ve. 

Fltl 1 f cp( zt) 6(z) dz 
27Ti c. 

= - Reh cp (zt ) 6(z). (3. S) 
z=oo 

PILOOó: Using the ftmetíon q, and 6 and the curve c. descríbed 

in the hypothesis, we consider 

I
oo 

~:t [_1_ f <p (ztl ó(z 1 dz] dt. (3.6)
.6:t 1 2 " o e - 7T.{. e 
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For fixed .& in the region A = {.6 : Re..6 lO}, let 

G(z,t) = K(6,t) <1> (zt) 6(z), 

Where as always KI~,t) = ~~ ,O < t < 00, and Klh,OI = J • We note 
e. -1 

that for each fixed t, O ~:t < 00, the ftmetion G(z,tl wi11 be eon

t:inuous with respect to z along the curve c since ~ (u) is an entire 

Metion and 6(z J is analytic for IzI = It > R. For each fixed z on 

c, the function Glz,tl is continuous with respect to t on any inter

val [a,b] , O ~ a <b < 00, since ~(zt) is entire and K(~,.t l is con

tinuous with respect to :t. Also~ we have 

f
00 6t J00 6t 00

6t <1> (z-tl 4(z I d;t = Ó(z) .&t L 
o e. - 7 o e. -1 n= o (YL+ 1)! s (n+ 2J 

(3.7) 

00 

(ztl YL 
Now the series <l>lztl = L ----'----'--- is entire in zt and hence 

YL= o (YL+ 1)! r,; (YL+ 2) 
is mifonnly convergent as regards :t in the interval O~:t ~w, w< 00 • 

Hence, 

00w .6:t 00 

zn fW .6:t ~ ¿ .6:t ~ d:t..61. LJo e. -1 n=o (n+l)! 1;; (n+2) n=O (n+l)! ¡;; (n+2) o e. -1 

But the series on the right is shown to be miform1y convergent as 

regards W as fol10ws : 

and if Re. .6 > O, Ie..6:t_ 1\ > e. (Ru)t - 1, :t > O, so that 
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This last integral converges since in the hypothesis we have assurned 

Re..6 > p > R > O. 

We can therefore let w-> ro , and provided Z satisfies IZI<IJI, 
we arrive at 

00 

-- =-= L n+ 1 n=o ~ ~ - z 

Thus we can conclude th.at for any 6 > 1 , the integral of (3. 7 ) 

converges l.IDifonnly to Ó(z) for Z on c. and .6 in the region 
.6 - Z 

Ao = {,6 : Re..6 > O, 1.61 ~ 61 z I}. 
The conditions just discussed are precisely the conditions in 

the hypothesis of Weierstrass' s Theorern '[7, p. 97J on interchanging 

the order of integration. Thus ) interchanging the order of integra

tion in (3.6) 

"" .6t [1 J cp(zt) ó(z)dz]dt = _1_. f Ó(z) [f ~.6! cjl(ztldt]dzJo e..61.- 1 2rr.{. 2rr..t o {J-t._1
c. c. 

f 6(z):: dz 
2rr.{. .6 - Z 

provided 1.61 > 1 z 1 = Il.. However J for 1.61 > Il. > RI the conditions of 

Lemna 1 are satisfied and we can conclude that for all.6 wi th Re. .6 > Il. 

this last integral has the desired value of 6(.6) . It is then evident 

t\\at if ~ ~~ \ satisfies the h'roothesis oí the theorem, then fo! al
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mast a11 t with O < t < 00 
- 1 

Flt) = _1 I</>(zt) ó(z)dz . 
21f'¿ 

c. 

We note that since Ir. > R then all finite smgulari ties of 6(.6) are 

interior to e and according to a consequence of the Residue Theorem, 
far almost all t, O< t < 00, 

F!tJ : t J~lztJ 61zJ dz : - ~~oo ~Izt) ilz) , 
c. 

since ~Iztl is an entire function, and the theorem is proved. 

The previous theorem fumishes a convenient means of establish

ing the following formula. 

COROLLARY 3. 1 16 the. óunc.,t,úm ó(-6) ca.n be. lLepJte.-6 e.nte.d ÁJ1. a. 

-6 eJúe.-ó 0-6 the. -6otrm 

conven.gÁJ1.g 60IL 1-6 1 > a. ~ O, a. < 00, -ihe.n the. de.tell.mbú.ng nUltclion 

CJ1n be. computed .thJLough tvrm by ten.m '¿YlVe/Ló'¿on. Tha.t."ú., I 

00 00 

f (tI \' a. LM- 1 
{ 1 }

L n n+ 1 
n=o -6 (/1+1 I! s (n+2) 

thi-6 .6eAiu nOIL F (tI c.onvelLging áOIL ai1. :t. 

http:de.tell.mb�.ng
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Plloo6: If 6(~) has the fom given in the hypothesis, then 

frem Theorem 3. 1 we have 

F(tl = - Ru ~(ztl 6(zl, 
2 = 00 

(ztJn
where <p ( zt. J = 

IX) ¿ ----:.....--=---. However, - RU <p ( zt I 6(z J = 
n=O (n+ll! r; (n+2) z =oo 

Rió _, ~ ¡~J 6(!"J, and 
z =00 Z2 Z Z 

00 00t ~ Vfl ¿ a z v=k~O (k+lJ! ~(k+2Jzk+2 v=o 

The coefiicient of l in the resulting Laurent series is 
z 

00 a. tt 
L n 

n=o (n+ 1)! 1;; In+ 2I 

which proves that F(tI can be represented by the desired series . 

'I'he convergence of this series for F (tI for all t is evident srnce 
00 

by hypothesis the series ¿ a. JL+l has a non -zero radius of con-
nn=O 

vergence. 

As an example consider the function 6(.6) = . Expanding
.6 - a. 

6(.6) about .6 = O, we have 

00 n a.6(;6 ) = = - - - :- ,L n+l.6 - a .6 -
a. n=o .61 
.6 
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converging for Ihl > lal. Then 

-1 1 roíF(tl = LM {---} = 
h-a 

n=o (n+ll! ~(n+2) 
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