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ABSTRACT 

The object of this note is to evaluate an integral associated 

with Bessel poI ynornials and the H-function of two variables and to 

apply it in proving an expansion formula for the H-function of two 

variables in series of product of the Bessel polynomials and a re

lated H-function of two variables. The results obtained are of gen 

eral character and the integrals & series expansions associated with 

the special functions of Mathernatical Physics & Chemistry can be de

rived as spe ial cases. 

RESUMEN 

El obj eto de este trabaj o es evaluar l.D1a integral asociada con 

polinomios de Bessel y la función H- de dos variables , y aplicarla 

para establecer illla fórmula de expansión para la función H- de dos 

variables en serie de productos de polinomios de Bessel y la función 

H- relacionada . Los resultados obtenidos son de carácter general y 

algunas integrales y series asociadas con funciones especiales de 

Matemáticas, Física y Química, pueden ser derivadas como casos espe

ciales. 
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1. INTROOOCfION 

The Bessel Polynomials arise from the solution of the classical 

wave equation in spherical coordinates, namely 

X2 	!f..!1 + (a.x + bl !iY-. - k. (k. t a. - 11'1 = O 
dx2 dx 

Krall and Frink [6] has defined these polynomials in tenns oí 

the hypergeometric series in the form 

Certain properties of these polynomials have been studied by 

Krall and Frink [6J, Agarwal [1], Al-Salam [2]) Ragab [12J, Harnza 

[ 4 , S] and Saxena and Hamz a [1 S ) 1 6] . 

The H-function of two variables introduced by Mt.mot and Kalla 

[10J, following the notation of Saxena [14J is defined and represen

too as follows: 

(e., e¡ e 'l 
L,N,N¡ ,M,M¡ x (a.,al; (c.,1L1 

HE,(A:CI,F,(B:VI y (6,q,:q,'1 
(b,BI ¡ (d,ol 

(1. 1) 
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(1.2) 
B A

TI r(1-b.+B.~1 1T r(a . -cL~1 
M+l j j N+l j j 

MI NI 
1T r Id. - o . nI Tr r (1 - c.. +y . nI 
1 J j 1 J j 

(1.3) 

v e rr r/1-d.+o·nl TI r(Q.-y,nl
M+1 j j N +l j j 

1 1 

L
TI r (1 - e . + e . ~ + e'. nI 

1 j j j 
(1.4) 

E F
TT r (e . - e . ~ - e '. n) TI r (1 - n . + cp . t; + cp " n1 
L+l j j j 1 j j j 

x , Ij ~ are not zera and an empty product is interpreted as tmity. 
ooThe cantours LI & L

2 
nm fraro -i to +i oo in ~ and n planes 

respectively, with identations, if necessary to ensure that poles of 

r (b. - ~3.~1 !j = 1, .. . ,MI,
j j 

r (d
j 
• - ó . 

j 
n) !j = 1, ... , MI J 

are separated from the poles of 

r (1 - e. . + e . + e '.nI (j = 1, ... ,L) ;
J j j 

rl1-a. . + a. .~ I , !j :: 1, • •• ,N) and r (l-c..+y·n J , !j = 1, . .. ,N ) . 
j j j j l 
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The integral ID (1. 1) converges if 

L E N A M B F 

~l = ~ e. - ~ e. ~ ¿a. - L a. + L B· - 1 s' - L $. > o 


1 j 1 j 1 j N+l j 1 j M+l j 1 j 

L E NI e M v F . 
l 

ljJ 2 = I e', - I e'. + L Y' - ¿ y. + L O' - LO. - Le'. > o 
1 j L+I J 1 j N +1 f 1 j M+1 j 1 j 

1 1 

1 1
with IlVtg xl < - TI 1/J and IaJtg yl < - TI 1/J2 1 2 2 

This Metion has also been defined and studied independenUy 

in a slighUy variant fonns by Pathak [l1 J , Venna [17J and Mittal & 
Gupta [9J, but in essenee the funetion remains same. 

In the present note we evaluate an integral assoeiated with 

Bessel polynamials the H-funetion of two variables &apply it in de

riving an expansion formula for H-function of t wo variables. 

2 . INI'EGRAL 

The formula to be proved here i s 

(00 It- l - t. L, N, N1,M,M1 
A 

X t 1
J. x:. e. Y k (1 , a.; t.) HE, (A: e ) , F, (B, O) [ y t.\l cLt 
o 

L+2 , N , NI ' M , MI [X I ] 
(2 .1)HE+2 , (A: C) , F+l , (8:0) y z* 

where 
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(e,e:s'), (l+k-y,Aq.¡), (2-y-a-k,A:}l) 

la I exl , (c., y)
z" = 

i (2 -y-a, A q.tl 

lb , 8) i (d, 61 

(2.2) 

where R(y - k +Amht b. /B. +~ milt dlt/ 0It. } > O 
j j 

R(y +a + k. +Amút b. / e . +11 mht dltl Oft) > 1 
1 j 


(j=l, • •• ,M 1t=1 , ... ,M J, ; 
1 
1

Ia.'tg xl < ~ TI 1jJ 1 ' Ia.Jtg yI < ~ TI 1jJ 2 ' 1jJ 1 > o , ¡p 2 > o. 

(2.1) can be established on substituting the value of the H-function 

of two variables in terms of the contour integral (1.1) , interchang

ing the order of integration , which is obviously justified in view 

of the conditions stated with the result, evaluating the t-integral 
from Hamza t s fornrula [4], namely 

(2.3) 

where 

R(y - /tI > O R(y + a + /tI > 1 

and applying the definition (1.1) . 

3 . AN EXPANSION FORM1LA 

The followmg series expansion will be develo-ped heTe 
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le,9:9'J 

(a,a.) ; /c., y)f1 HL,N,N1 ,M,M1 X t 
=E,IA:CI,F, (8:V) y t}.l 

ló,~:~'J 

(b,~) i (d,o) 

()() 

= ¿ 1 Y,.(l,a¡tl 
It= o It! r (2 - a - It) 'lo 

L+2,N,Nl'M,M1 [x 1 ] 
(3.1)HE+2,(A:C),Ff1,(B:V) IJ ZIt , 

where 

(e. , e : e I I , !-It. + a - w- 1 , A : }.II , (-It - W , A : }.II 

(a , a.l ; le. , yl 
z = 
It. 16 , ~ : <p' I ; ( -w, A : }.II 

(b,S) ; (d , o) 

R(w + mi.n b ./S . +m.,(,n dIt/ólt. > O for j = 1, . .. ,M and It = 1, .. • ,M ;
lj j 

IMg X 1 < +TI lj! 1 and IaJrg IJ I < +TI lj! 2 i 1jJ 1 > O , lj! 2 > O , tjJ 1 and 

lj!z are defined in (2.1). 

Proof. Let 

=t:.WH[X¿J 
IJ t:.}.I 

= I AR YR(1 , a i t:.) • (3.2) 
R= o 

'fue e<\\lat1.Ql\ ~~ .'2.) i5 '1ali(\, s1.nc.e ~ \t\ is c.ontmuous anc1 oÍ 

http:e<\\lat1.Ql
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bounded variation in the open interval (0,00 J , where w ~ O • 

MUltiplying both sides of (3.2) by t 1 -
a exp(-tl Y (l,ajtl and u

integrating with respect to 1. fram O to 00, we see that 

On using (2.1) and the orthogonality property of the Bessel 

polynomials given by Hamza [S], narnely 

fOO Xl-a. e.-x Y (1 , a.; x) y (l,a.;x) dx n. m 
o 

, if m I n. 

:{n! ;(2 - <1 - ni , if m = n. , (3.3) 

we observe that 

Au (u)! r (2 - a. - u) 

L+2 ,N ,N1,M,M1 [ X I ] 
(3.4)= HE+2, [A:CJ ,F+l, [B:V] y Zu 

(3.1) now readily follows from (3.4). 

4. SPECIAL CASES 

(i) If we set L = E = F = Oand employ the identity [14,p.187], 
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la,a)) Ml ,N1 ( (e,Yl)! HM,N (X t Vt.ll . H 
A,B (b,~) C,V (d, ~l 

00 

:: ¿ YJt (1 , a j tI 

Jt=o Jt! rf2 - d - Jtl 


(Ir. + a. - w - 1 , A : j.l) , ( -Ir. - W , A : J.l) 

2,N,N
1 

,M,M¡ x Ia.,a) i Ic.,y) 

H 


2, (Á:C), 1, (B:V) y (-w , A : J.l) 

lo, al; (d,8) 

under the same eonditions as given with (3.1). 

Since H-ñmetion is the mast generalized speeial Metion, a 

number of speeial cases of (3.1) can be easily derived on using the 

tables of the particular cases of the H-nmetion given in a recent 

monograph by Mathai and Saxena [8] . 

(ii) Finally taking M= B = J , N = A = O , b = O , letting
1 

x -> O and y_ = o- = 1 far all ¡,j and using the identity [14,p.187],
-t j 

we abtain a result given recentIy by Saxena and Hamza [1 SJ . 



-75

REFERENCES 

[1] 	 AGARWAL, R.P.: "On Bu.ód Polyno~" . Can. J. Math. 6 (1954), 

410-415. 

[2J 	 AL-SALAM, W.A.: "The. Bu.óe1 Polynomútt6" . Duke Math. J. , 24 

(1957), 529-545. 

[3J 	 FOX, C. : "The G and H-6unc;Uon6 M Symme:tlúc.a.l FoWúeJl. KeJUtw". 

Trans. Amer. Math. Soc. 98 (1961),395-429. 

[4] HAMZA, A.M. : "Integll.ctU Involvi.ng BU.6el Polynoml.a16" . Proc. 
Phy. Soco Egypt 35 (1971), 9-15. 

[sJ 	 HAMZA, A.M.: "lntegtta1.6 Involv-Útg BU.6el Polynomiai..6". Riv. 

Mat. Univ. Parma, Italia (3) 1 (1973),41-46. 

[6J 	 .KRALL, H. and FRINK, O.: "A Ne.w ChtM 06 OlLthogonai PoI!:! 

nomia1.6". Trans. Amer. Math. Soco 65 (1949) , 100-115. 

[7J 	 MA.1HAI, A.M. and SAXENA, R. K.: "GeneJl..ai.b:e.d HypeJtge.ome.tJúc. Func.

lionó wf.;th AppUc.ati.onó ht S:t.a.:tú.:,liCó and Phy.6.i.c.tLt Sue.nc.e..6" . 

Monograph N°348 . Springer-Verlag, Heidelberg, (1973). 

[81 	 MAlliAI, A.M. and SAXENA, R.K.: "H-6unc.lion wf.;th AppUc.lLÜon.6 ht 

y.a:t.i.AUc..6 a.nd OtheJt V..uupUne..6". Monograph, rvk:Gill University, 

Montreal, Canada (1976). 

[9J 	 MITIAL, P.K. and GUPTA, K.C.: "An Inte.gtta.l Involvhtg Ge.nvr.a.t

he.d Func..üon 06 Two VaJÚa.ble..6". Proc. Indian Acad. Sci . Seco 

A 7S (1972), 117 - 123. 

[10] 	 MUNaf, P. C. and KALLA, S.L.: /IOn a.n Exte.n.6,wn 06 Ge.neJta.Li.ze.d 

Functian 06 Two VaJÚa.b.f.e..6". Univ. Nac . Tuc1lJTlán Rev. Ser. A 21 

(1971), 67 -84. 

http:Involvi.ng


-76

[11J 	 PATHAK, R.S. : "Some. Re6/LUA Involv..ing G a.n.d H-6Ilnc.túJYLó". BulI. 

Calcutta Math. Soco vol. 6 (1970),97-106. 

[12J 	 RAGAB, F.M.: "SVÚelJ 06 PnoCÚLc1h 06 Be6.6ei. Polynomi.ai..6". Cana

dian 	J. Math. 11 (1959), 156-160. 

[13J 	 RAINVILLE , E.D. : "SpecW. Fu.ndloM". Macmillan and Ca. New 
York, (1963) . 

[14J 	 SAXENA, R.K.: "In:tegJr.a.l6 Oó Ptc.odllw 06 H-Ó/lneUon6". Univ. 

Nac. Tucumán Rev. Ser. A 21 (1971) , 185-192. 

[15J 	 SAXENA, R.K. and HAMZA, A.M. : "On Some. Re6u.f..á Invoiving 

Múje.tc.'.6 G-6/lnáúm and BU.6e! Poiynom.i.ail," . Libyan Journal of 

Science, 6 B (1976), 83-86. 

[16J 	 SAXFNA, R. K. and HAMZA, A.M.: "Integlt.a1.6 M.60<Ua.:ted wUh BeM el 

Poiynom.i.ai.6". Bulletin of the Faculty of Engineering, Al-Fateh 
University, Libya, vol . 3 (1977),102-110. 

[17J 	 VERMA, R.U.: "On the H-6u.n.cilon 06 Two VaJÚabie6 11" . An. St . 

Univ. Tasi (Jassy) 17 (1971), 103-110. 

http:In:tegJr.a.l6

