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Abs tract
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So li to nes to po ló gi cos II: mo de lo-s CP1

Re su men

Con ti nua mos nues tro es tu dio de so li to nes to po ló gi cos clá si cos en mo de los sig ma no li nea -
les, con cen trán do nos en las pro pie da des de es ta bi li dad y dis per sión del mo de lo CP1 en el pla no.

Pa la bras cla ves: so li tón, skyr mión, to po lo gía, dis per sión.

In tro duc tion

In our pre vi ous pa per (1) we pre sented
an over view of topo logi cal soli tons in one,
two and three spa tial di men sions. Based on
that work, the pres ent follow- up ar ti cle pays
spe cific at ten tion to the popu lar non lin ear
CP1 sigma model in (2+1) di men sion (two
space, one time) both in its pure and Skyrme 
ver sions, and con siders its sta bil ity and
scat ter ing prop er ties. We limit our selves to
one and two soli tons.

Physi cal and mathe mati cal sys tems
de fined on the plane are the sub ject of much
ac tive re search, cov er ing top ics that in clude
Hei sen berg fer ro mag nets, the quan tum Hall 
ef fect, su per con duc tiv ity, ne matic crys tals,
topo logi cal flu ids, vor tices and soli tary
waves (2). Most of these sys tems are non-
 linear. One of the sim plest mod els in (2+1)
di men sions which is both Lo rentz co vari ant
and which pos sesses soli ton so lu tions is the
non lin ear CP1 or O(3) sigma model.

Among other things, sigma mod els are
very use ful as low di men sional ana logues of
im por tant field theo ries in higher di men -
sions. For in stance, the pla nar sigma CP1

model ex hib its con for mal in vari ance, spon -
ta ne ous sym me try break ing, as ymp totic
free dom and topo logi cal soli tons, prop er ties
that re sem ble some of those pres ent in a
number of fore front field theo ries in (3+1) di -
men sions. An ex am ple of the lat ter is the
Skyrme model of nu clear phys ics (3). Ini -
tially pro posed as a the ory of strong in ter ac -
tions be tween had rons, it is now re garded as
a low en ergy limit of quan tum chro mo dy -
nam ics (4). The Skyrme scheme as sumes
that its topo logi cal so lu tions (skyr mi ons)
cor re spond to ground states of light nu clei
with the topo logi cal charge rep re sent ing the
bar yon number. Of course, to com pare with
the prop er ties of real nu clei one has to in sert
vari ous quan tum cor rec tions to the clas si cal 
re sults.
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Pla nar ana logues of the Skyrme model
in volve the ad di tion of ex tra terms to the
origi nal CP1 la gran gian in or der to sta bi lise
the field so lu tions. With out such terms the
in vari ance of the pure, pla nar CP1 the ory un -
der di la tions leads to the in sta bil ity of its
soliton- lumps. In the tra di tional ap proach
one adds two terms: a Skyrme- like term
which con trols the shrink ing of the lumps
and a potential- like term which con trols
their ex pan sion. Prop erly im ple mented, this
pro ce dure yields sta ble soli tons as con -
firmed by nu meri cal simu la tions (5).

In the fol low ing sec tion we de fine the
stan dard pla nar non lin ear O(3) or CP1

model. In sec tion 4 we pres ent our Syrme
ver sion of the the ory and in sec tion 5 we lay
out the nu meri cal pro ce dure. Af ter pre sent -
ing some ba sic re sults for one and two soli -
tons, sec tions 6 and 7, re spec tively, we close 
our pa per with some con clud ing re marks.

The O(3) mo del

One of the sim plest Lorentz- invariant
mod els in (2+1) di men sions is the non lin ear
O(3) sigma model. It in volves three real sca -
lar fields { }f f( ) ( ), , ,x x aa

m mº =123  with the

con straint that " º =mx x x x t x y( , , ) ( , , )0 1 2

[speed of light set equal to unity] the fields lie 
on the unit sphere S2

( )F .

r r
f f = 1× [1]

Sub ject to this con straint the la gran -
gian den sity reads

L0 = = ×m
m

m==

m
måå1

4
0

2

1

3
1
4¶ f ¶ f ¶ f ¶ fa a

a

( ) ( ),
r r

[2]

which is in vari ant un der global O(3) ro ta -
tions in in ter nal space. Through the Euler-
 Lagrange equa tions with mul ti pli ers we find
that the dy nam ics of the O(3) fields is gov -
erned by

¶ ¶ f f ¶ ¶ f fm
m m

m- × =
r r r r r

( ) ,0 [3]

which for the static case re duces to

Ñ - × Ñ =2 2 0
r r r r r
f f f f( ) .  [4]

Were it not for the con straint im posed
on 

r
f, the sec ond term on the left- hand- side

of the above equa tions would not be pres ent,
and the static non- singular so lu tions would
be triv ial. The con di tion [1] leads to finite-
 energy non- singular so lu tions: soli tons.
Fur ther more, the in ter ac tion of the sys tem is 
purely geo met ri cal and de fined by equa tion
[1] which de ter mines the cur va ture of the in -
ter nal space . This is a par ticu lar ity of chi ral
or sigma mod els.

It is straight for ward to see that the ki -
netic and po ten tial en er gies are given by

K dxdyt t= ×ò1
4 ( ) ( )¶ f ¶ f

r r
, [5]

V dxdy ii t= × =ò1
4 12( ) ( ) [ , ]¶ f ¶ f

r

    = Ñ × Ñò1
4 ( ) ,

r r
f f qrdrd [6]

where Ñ =f ¶ f ¶ q( , )r r

r
1 .

The prob lem is com pletely speci fied by
giv ing the bound ary con di tions. We take

lim ( , ) ,( )

r
r t

®¥
= "

r r
f q f 0 ,  [7]

where the unit vec tor 
r
f ( )0  is in de pend ent of

the po lar an gle q. This con di tion en sures a fi -
nite po ten tial en ergy. In ef fect, fi nite ness of
the en ergy de mands

lim ( ) ( )
r

rr
®¥

+ ®¶ f ¶ fq

r r
2 2 0,

[8]

which im plies [7].

It is in ter est ing to note that the clas si cal 
va cua ought to be rep re sented by 

r
f ( )0  for all 

x x yº ( , ). Since 
r
f ( )0  can point in any di rec -

tion, there is a con tinu ous fam ily of zero-
 energy so lu tions con nected by O(3) ro ta tions 
in in ter nal space. This is an ex am ple of
spon ta ne ous sym me try break ing.
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The bound ary con di tion [7] de fines a
one- point com pac ti fi ca tion of the plane Â2,
al low ing us to con sider 

r
f on the ex tended

plane { }Â È ¥2 , topo logi cally equiva lent to 
S x

2
( )  (the su per script in di cat ing that the

sphere re fers to com pac ti fied plane). Con se -
quently, the field con figu ra tions we want are 
maps S Sx

2 2
( ) ( )® F  that can be la belled by an

in te gral topo logi cal in dex Q. As sketched in
(1), an ex pres sion for this in dex is ob tained
by pull ing back the dif fer en tial form

w dS= ×f ( )F

    = × Ù Ù Ù( , , ) ( , , )f f f f f f f f f1 2 3 2 3 3 1 1 2d d d d d d [9]

from the in ter nal sphere to the ‘phys ical’
sphere. Us ing co or di nates (x, y) in the lat ter,
ex pan sion of w yields

w dx dy
x y

x y

x y

= Ù

f ¶ f ¶ f

f ¶ f ¶ f

f ¶ f ¶ f3

1 1 1

2 2 2

3 3

[10]

Re lax ing the wedge no ta tion we get

Q dxdy
S xx= × ´ò1

4
2

p f ¶ f ¶ f( ) ( )
r r r

y [11]

quan tity some times called the wind ing
number be cause it gives the number of
times that 

r
f ranges over the in ter nal sphere

as (x, y) ranges over the com pac ti fied plane
once. The con stant 1/4p nor mal ises Q to an
in te ger. Note that [9] is noth ing but the ele -
ment of area of the unit sphere S2

( )F ; in deed,
upon ex pand ing  w in terms of lo cal space
po lar co or di nates ( , )J j  in in ter nal space and
para metris ing

r
f J j J j J= (sin sin ,cos )cos ,sin ,

we find the all fa mil iar w J J j= sin d d . The
topo logi cal charge now stems from

S Sx w Q w
2 2
( ) ( )ò ò=f F ,

hence equa tion [11]. Note as well that Q may
be con sid ered as the zero com po nent of the
topo logi cal cur rent

k abc
a h c

m m= e e f ¶ f ¶ fnx
n x ,  [12]

where e jkl  is the fa mil iar Levi- Civita pseudo-
 tensor.

CP1 for mu la tion

In this for mu la tion the soli ton fields
adopt a sim pler form in volv ing just one in de -
pend ent com plex field, W, re lated to the
fields 

r
f via the stereo graphic pro jec tion

W
i

=
+

-

f f

f
1 2

31
.  [13]

In tro duc ing com plex co or di nates z x iy= +
and z x iy= -  on the ex tended plane and us -
ing the handy no ta tion 
¶ ¶ ¶z z z z zzW W W W= =, ( )  etc., the equa tion
of mo tion [4] be comes

W
WW W

Wzz
z z=
+

=
2

1
02 [14]

be ing W  the com plex con ju gate of W.

In terms of W the po ten tial en ergy and
the topo logi cal in dex read

( )
V

W W

W
dxdy

S

z z
x=

-

+
ò2
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2 2

2 2( ) ,  [15]
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i.e.

V Q³ 2p . [17]

The static soli tons or in stan ton so lu tions
cor re spond to the equal ity in [17]: so lu tions
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with Q >0 (in stan tons) and so lu tions with 
Q <0 (anti- instantons) obey, re spec tively,

W Wz z= =0 0, [18]

which are noth ing but the Cauchy- Riemann 
con di tions for W be ing an ana lytic func tion
of z or z. There fore, the gen eral static so lu -
tion of the pla nar CP1 model is

W z
z a

z b
j

j

k

( ) =
-

-=

Õl
j 1

[19]

and its com plex con ju gate W z( ); l is a free
pa rame ter and the de gree k of the poly no mi -
als is nu meri cally equal to Q.

For k =1 the po ten tial or static en ergy
den sity is

{ }
e

l

l
=

-

- + -
2

2

2 2 2 2

( )
,

a b

z b z a
[20]

which pos sesses a bell- like shape whose
maxi mum value

( )
( )

e
l

l
max =

+

-
8

12 2

2
a b

[21]

is po si tioned at

z
a b

max =
+

+

l

l

2

2 1
. [22]

In any given topo logi cal sec tor the
static en ergy is mini mised when one of the
Cauchy con di tions is sat is fied. A so lu tion of
[18] auto mati cally solves the origi nal sec ond 
or der equa tion [14] but the con verse need
not be true. How ever, all the static finite-
 energy so lu tions of [14] are ex hausted by
equa tion [18] (6, 7). This is a spe cial as set of
the CP1 model on S2 which is ab sent in its
gen er ali sa tion CPn. The lat ter pos sesses
static so lu tions like W z z( , ) which are non-
 meromorphic and cor re spond to sad dle
points of the en ergy (8). Fur ther more, the
CP1 model it self on a torus has so lu tions to

[14] which dis obey [18]. For the model a
torus see (9).

Viewed as an evolv ing struc ture the
soli ton [19] is un sta ble un der any small per -
tur ba tion, ei ther ex plicit (e.g., by set ting the
soli ton into mo tion) or im plicit (as in evi ta bly
in tro duced by the dis cre ti sa tion pro ce dure).
For fields W z a z a z b= - - -l l( ), ( )( ), etc,
sim pler in form than [19], such be hav iour
has been seen both in the full simu la tion of
the model and in the col lec tive co or di nate
ap proxi ma tion (10, 11). The said in sta bil ity,
which even tu ally col lapses the nu meri cal
pro ce dure by in fi nitely shrink ing or ex pand -
ing the soli ton, is as so ci ated with the con for -
mal in vari ance of the O(3) la gran gian in two
di men sions: the soli tons can change their
size at the ex pense of no en ergy at all.

As com mented ear lier on, the in sta bil -
ity of the dis cre tised O(3) model can be cured
by the ad di tion of two ex tra terms to the la -
gragian [2]. The first one re sem bles the term
in tro duced by Skyrme in his nu clear model
in four di men sional space- time, and the sec -
ond one is a potential- like term. Such modi -
fied ‘baby Skyrme model’ pos sesses sta ble
lumps which also scat ter at p / N.

Mo di fied mo del

Our modi fied model cor re sponds to the
la gran gian den sity

( ) ( )( )[ ]L Ls 0= - × - × ×1
4 1

q ¶ f ¶ f ¶ f ¶ f ¶ f ¶ fm
m

m n
m n

r r r r r r

( ) ( ) ( ) ( )- - - + - + +é
ë

ù
û

1
4 2 1 2

2

3

2
4

2 2 1 1q l f l f l f lRe Im

where Lo is given by equa tion [2] and 
q q1 2, Î Â+ . The q- terms break the con for -
mal in vari ance and their com bined ef fect
sta bi lises the soli tons. If the size of the soli -
tons is ap pro pri ately cho sen, it is en er geti -
cally un fa vour able for them to change it.
Also note that the above La gran gian is no
longer O(3) in vari ant, but it re spects the re -
quire ment of rela tiv is tic in vari ance. Both the 
ki netic and po ten tial en er gies can be eas ily
read- off from [23]. The lat ter res cales as
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[ ] [ ] [ ] [ ]V x V x V x V xs = = + + -
r r r r r r r r
f g f g f g fq q( ) ( ) ( ) ( )

0
2 2

1 2
,  [24]

in ob vi ous no ta tion: V0  is the scale free po -
ten tial [6]; Vq 1

 is the Skyrme- like term that
pre vents the soli tons from shrink ing
whereas the Vq 2

 term re sem bles a po ten tial
that pre vents their ex pan sion. Ju di cious
choices of the q2 term, which un like the
Skyrme term is non unique (12), opens up
the pos si bil ity of writ ing dif fer ent in ter est ing 
ver sions of the baby skyr mion model, a re -
ali sa tion of which is [23].

Through la bo ri ous but straight for ward 
ma nipu la tion one can cast [23] into the
more trac ta ble W for mu la tion. We get the
field equa tion

( ) ( ) ( )0
2

1
2

2 2 2
= - - -

+
- -é

ëê
ù
ûú +W W W

W

W
W W Wtt yy t x yxx

( )
( ) ( )

4

1
2 2 21

2 2

2 2q

W
W W W W W W W W W W W Wtx t x ty t y xy x y tt x y

+

+ - - +é
ëê

ù
ûú +

ì
í
î

( ) ( ) ( ) ( ) ( )W W W W W W W W Wxx y t yy x y tt t y

2 2 2 2 2 2
-é

ëê
ù
ûú + -é

ëê
ù
ûú + - +

( ) ( ) ( )W W W W W W W W W W Wxx t y yy t x tx t x t x

2 2 2 2
- + - - - -

( ) ( )W W W W W W W W W Wty t y t y xy x y y x+ + + +

( ) ( )2

12

2 2W

W
W W W W W W W Wt x t x t y t y

+
- + -

é
ëê

ù
ûú

-
ü
ý
ï

þï

( )
( )

4

1
12

6

2 2
2 2q l

l l l
W

W
W W

-

+

´ + - -é
ëê

ù
ûú [25]

For the static case we drop all time-
 dependent terms in [25] and, also ig nor ing
the anti- soliton terms like Wz , the above
equa tion sim pli fies to

{0 8 41

4

2
2

= -q qW vz

( )- -
é

ëê
ù

ûú
ü
ý
þ

4 1

2

2q q n
n

W W
d

dW
W Wz zz

( )- -
é

ëê
ù

ûú
4 1

2

2q q n
n

W W
d

dWz zz [26]

where n lº -( )W 4 . It is di rectly checked
that the con figu ra tion

W
z a

z b
=

-

-
l [27]

where

l

q
q

=
-

Î

2 1

2

4

a b
a b C, , , , [28]

solves the equa tion of mo tion. The field [27]
is the fa mil iar ex pres sion for a sin gle CP1

soli ton but now with l fixed by [28]. A soli ton
with its size thus fixed is some times called a
‘baby skyr mion’ [an anti- skyrmion would be
the com plex con ju gate of [27]]. It is note wor -
thy that theo ries like the tHP mono poles
have a pa rame ter simi lar to l, which de ter -
mines the size of the mono poles.

The skyr mi on’s po ten tial or static en -
ergy den sity E is found by in sert ing [27] into

( )
( )

( ) ( )
E

W W

W

W W

W

W

W

z z
z z

=
+

+
+

-

+
+

-

+

2
1

8
1

4
1

2 2

2 1

2
2

2 2

8

2
4

q q
l

, [

29]

whose maxi mum value is

( )
( )

( )
E

a b
max max max max= + =

+

-
e q e e

l

l
1 8

1
1

2 2

2 [30]

The po si tion z max  is still de ter mined by for -
mula [22]. Ob serve that in the limit where
the q´s go to zero we re cover the pure O(3)
model.

Put ting n =1 in equa tion [26] gives

Emax ,= + =2 8 4
2

2 4
2

2

1

4l q l q l
q

q

which is a peak value lo cated at z amax = .
This im por tant par ticu lar case was tack led
in ref er ence (13) and cor re sponds to a soli -
ton of the form W z a= -l( ).

In or der to study pro cesses in volv ing
two skyr mi ons we are go ing to con sider
fields of the ap pear ance

W
z a

z b

z c

z d
=

-

-

+

+
l ,  [31]

Scien ti fic Jour nal of the Ex pe ri men tal Fa cul ty of Scien ces,
at the Universidad del Zulia Vo lu me 16 Nº 4, October - December 2008

R.J. Cova / Cien cia Vol. 16, Nº 4 (2008)  409 - 417 413



which do not sat isfy iden ti cally the field
equa tion [26] and hence de scribe two soli -
tons only in an ap proxi mate man ner.

Nu me ri cal pro ce du re

We treat the fields W as the ba sic ini tial
con figu ra tions and their ana lytic val ues are
used at each lat tice site in the dis crete ap -
proxi ma tion of the model. Af ter Lo rentz
boost ing W, we pass on to the f-for mu la tion
by means of equa tion [13]. Then 

r
f is nu meri -

cally evolved ac cord ing to the full equa tion
[25], writ ten in terms of 

r
f.

It is quite com mon for f3  to have val ues 
near to 1, in which case W be comes too large
for nu meri cal com fort. So in our simu la tions 
we have pre ferred, in stead of [13], the
stereo graphic pro jec tion

¢ =
-

+
W

i

1 3

1 2

f

f f
.  [32]

The dy nam ics of the sys tem is un -
changed be cause L (W´) = L (W).

Our simu la tions em ploy the fourth-
 order Runge- Kutta method and ap proxi -
mate the spa tial de riva tives by finite-
 differences. The lapla cian is evalu ated us ing 
the stan dard nine- point for mula. We use
double- precision ar ith met ics on a 200×200 
( )n nx y= = 200  lat tice with spa tial and time
steps d dx = y = 0.02 and dt = 0005. .

Un avoid able nu meri cal trun ca tion er -
rors in tro duced at vari ous stages of the cal -
cu la tions gradu ally shift the fields away
from the unit sphere [1], thereby building-
 up nu meri cal in ac cu ra cies in the evo lu tion
equa tions. So we res cale

r
r

r rf
f

f f
®

×

every few it era tions. The er ror as so ci ated
with this pro ce dure is of the or der of the ac -

cu racy of our cal cu la tions. Each time, just
be fore the res cal ing op era tion, we evalu ate
the quan tity

m f fº × -
r r

1

at each lat tice point. Treat ing the maxi mum
of the ab so lute value of µ as a meas ure of the
nu meri cal er ror, we found that m » -

max
10 8 .

This mag ni tude is use ful as a guide to de ter -
mine how re li able a given nu meri cal re sult
is. Us age of an un sound nu meri cal pro ce -
dure like, say, tak ing d dx t<  in the Runge-
 Kutta evo lu tion, shows it self as a rapid
growth of max m; such in crease also oc curs
when the soli tons be come ex ceed ingly thin.

We in clude along the bound ary a nar -
row strip to ab sorb the vari ous ra dia tion
waves, re duc ing their ef fect on the skyr mi -
ons via the re flec tions from the bound ary.
The ab sorp tion is im ple mented by set ting

¶ f c¶ ftt

r r
® ,

where the damp ing func tion c has the form

[ ]

[ ]

[ ]

c

c cc

( )

, ,

,

, , .

j

j j
j j

j j
j j j

j j n

=

Î

-
-

-

Î + -

Î =

1 0

1

1 1

0

1

1

2 1

1 2

0 2 0( )95

ì

í

ï
ïï

î

ï
ï
ï

where the ab sorb ing band is no more than
about 10 % of mesh- points. The damp ing de -
vice is use ful when study ing soli ton sta bil ity, 
but it is dis pen sa ble when con sid er ing col li -
sion pro cesses.

For the pa rame ters we have cho sen

a c b d= = = =075 0 05. , . ,

q q
1 2

0 015006250 01250= =. , . [33]

The global U ( )1  sym me try of [27] has been
used to choose l real. In our case, from [28]
and [33] it fol lows that l =1.
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One skyr mion

Let us con sider the single- skyrmion
field

W
z

z
=

-

-

075
005
.
.

. [34]

For an ini tial ve loc ity equal to naught our
simu la tions show that the en ergy den sity
cor re spond ing to the above soli ton evolves
only very slighty and does not change its
shape. At the ini tial time the am pli tude of
the en ergy den sity has the nu meri cal value
of »12847. , but it quickly re- adjusts it self
and sta bi lises around the ana lyti cal re sult
as cal cu lated from equa tion [30] and [33]:

Emax . . .» + + »653 3199 3199 1293

Some ra dia tion waves are emit ted by
the soliton- hump as time goes by. They
propa gate out to the bound ary at the speed
of light leav ing the cen tral re gion of the lat -
tice es sen tially free of ki netic en ergy. The
small ness of the ki netic en ergy den sity in di -
cates that our soli ton is al most per fectly
static; this is in fact nu meri cally ob served:
at the ini tial time the lump of en ergy is situ -
ated at z max ( . , )= 0400  and by t=10 it has
slowly shifted to (0.4013,0). Note that the
theo reti cal value of z max , as per for mula [22], 
is pre cisely (0.40,0). The ki netic en ergy den -
sity de creases as time goes by and fades
away, due to the ab sorption set- up op er at -
ing along a small band near the edges of the
grid (see sec tion 5). A cur sory glance at [23]
shows that by set ting q q1 2 0= =  we re cover
the pure O(3) model:

lim
,q q1 2 0®

® L Lsky O(3) [35]

Upon ef fec tively mov ing the bounda -
ries to in fin ity, our simu la tions for this lim -
it ing case show that [34] rep re sents a static
O(3) so lu tion which, how ever, is un sta ble
on the mesh, cor robo rat ing the re sults
found in (10).

It is most in ter est ing that the limit [35]
re sem bles the BPS limit in the tHP mono pole 
the ory.

Two so li tons

We now shift our at ten tion to the two-
 soliton con figu ra tion

( ) ( )

( ) ( )
W

z z

z z
=

- +

- +

075 075
005 005

. .
. .

, [36]

which gives two skyrmion- lumps of equal
size ini tially well sepa rated from each other
but still far away from the edges of the mesh,
thus avoid ing re flec tions from the bounda -
ries as much as pos si ble. As pointed out at
the end of sec tion 4 the state [36] is not an
ex act so lu tion of the model, there fore it
should un dergo some evo lu tion even for an
ini tial speed of zero.

The am pli tude starts at a value some -
what big ger than twice the value for a sin gle
soli ton. As soon as the evo lu tion com mences 
the skyr mi ons shake off some ra dia tion and
al ter their size by get ting broader. In so do ing 
they slowly move away from each other, un -
veil ing the pres ence of a re pul sive force be -
tween them.

Dur ing this pro cess the peak Emax  de -
creases and un der goes damped os cil la tions
around the ca noni cal value 129.3; by t » 8
the os cil la tions are quite small and the en -
ergy sta bi lises near that value. The kind of
weak re pul sion just de scribed has also been
ob served us ing a col lec tive co or di nate
method (14).

In the limit [35] we have veri fied that the 
re pul sion be tween the lumps dis ap pears
and they re main mo tion less in their ini tial
po si tions through out the simu la tion. How -
ever, in this case the soli tons are un sta ble
and their en ergy den sity in creases non-
 stoppingly: their breadth goes down to the
or der of the lat tice spac ing, even tu ally col -
laps ing the nu mer ics.
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Next we study head- on col li sions be -
tween two skyr mi ons of the form [36]. Upon
boost ing the soli tons to wards each other
there is al ways an ini tial burst of ra dia tion
and the lumps re- arrange them selves
around their sta ble size. At small speeds the
two humps ap proach each other but the re -
pul sive force be tween them re sults in their
mo tion be ing re versed.

A quali ta tively simi lar be hav iour is ob -
served for speeds up to ap proxi mately 0.3.
For n » 03.  and higher the skyr mi ons ac quire 
enough ki netic en ergy to over come their
mu tual re pul sion; dur ing their col li sion they 
form a com pli cated ring ish state (where they 
at tain a mini mum height and hence maxi -
mum width) and re- emerge at 90º with re -
spect to the origi nal di rec tion of mo tion in
the centre- of- mass frame. The emerg ing
skyr mi ons are ini tially shrink ing but, af ter
they have trav elled some dis tance, they ex -
pand once more. The fi nal state is achieved
af ter some os cil la tions of the en ergy den sity.

The ex is tence of a criti cal ve loc ity above 
(be low) which the lumps scat ter at right an -
gles (back wards) is a ma jor dif fer ence be -
tween the pure O(3) model and its modi fied
Skyrme ver sion: in the limit [35] we have
been able to con firm that this criti cal ve loc -
ity ceases to ex ist and 90º scat ter ing oc curs
as long as n >0. In the pure model events
un fold very much like be fore but now the
sys tem in no longer sta ble. The soliton-
 humps con tinue to grow thin, increas ing in
height, even tu ally break ing down the nu -
meri cal pro ce dure.

It is note wor thy that a simi lar scat ter -
ing be hav iour, and the ex is tence of a criti cal
ve loc ity as well, are ex hib ited by other im -
por tant soli ton mod els like vor tices (15) and
mono poles (16).

For col li sions with small but non- zero
im pact pa rame ter the re sults are not at vari -
ance with prog nos ti ca tion: the skyrmion-
 lumps scat ter ei ther bounc ing back or at
nearly right- angles to the ini tial di rec tion of
mo tion, de pend ing on the ve loc ity. In gen -

eral, the larger the im pact pa rame ter the
smaller the scat ter ing an gle, and the more
the lumps con serve their iden tity dur ing the
pro cess.

Con clu sions

Re strict ing our selves to soli tons with
topo logi cal charge Q= 1,2 we have per formed 
a nu meri cal study of some sta bil ity and scat -
ter ing prop er ties of the CP1 model in (2+1) di -
men sions, both in its pure and Skyrme ver -
sions.

We have found that the model is sta ble
only in its Skyrme ver sion. The so- called
‘baby skyr mi ons’ pos sess en ergy den sity
pro files that do not change ap pre cia bly in
shape, nor they shrink or ex pand un duly
with the pass ing of time.

The single- skyrmion case is al most
per fectly static, whereas for Q = 2 there is a
re pul sive force be tween the lumps. This re -
pul sive in ter ac tion is re spon si ble for the
skyr mi ons to scat ter back- to- back if the ini -
tial, boost ing ve loc ity is smaller than a cer -
tain criti cal value. Oth er wise they scat ter at
90º. Our Skyrme ver sion of the model is a
low di men sional ana logue of the nu clear
skyr mion the ory in four di men sional space-
 time.

For pure O(3) soli tons, a lim it ing case of
the Skyrme the ory, scat ter ing at 90º takes
place for any non- zero ini tial ve loc ity, i.e.,
the soliton- lumps no longer re pel each other. 
This is con firmed in the static Q = 2 case
where the bell- shaped quasi- particles keep
still as time goes by, be fore the in sta bil ity
breaks down the nu meri cal code. In the pure 
scheme the soli tons are not sta ble be cause
they are in vari ant un der scale trans for ma -
tions. Any per tur ba tion causes the soli tons’
en ergy den sity to in crease with out limit.
When its breadth is com pa ra ble to the lat tice 
spac ing the nu meri cal code breaks down. An 
ex plicit per tur ba tion can be in tro duced into
the sys tem by im ping ing the soli tons with
some ini tial ve loc ity, but the im plicit per tur -
ba tion in evi ta bly brought about by the dis -
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cre ti sa tion pro ce dure suf fices to trig ger off
the in sta bil ity.
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