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Abs tract

We con si der a fa mily of sin gu lar maps as an examp le of a sim ple mo del of dyna mi cal sys -
tems exhi bi ting the pro perty of ro bust chaos on a well de fi ned ran ge of pa ra me ters.  Cri ti cal
boun da ries se pa ra ting the re gion of ro bust chaos from the re gion whe re sta ble fi xed points exist
are cal cu la ted on the pa ra me ter spa ce of the sys tem. It is shown that the tran si tions to ro bust
chaos in the se sys tems occur either through the rou tes of type-I or type- III in ter mi ttency and
the cri ti cal boun da ries for each type of tran si tion have been de ter mi ned on the pha se dia gram of 
the sys tem. The sim pli city of the se sin gu lar maps and the ro bust ness of their chao tic dyna mics
make them use ful in gre dients in the cons truc tion of mo dels and in appli ca tions that re qui re re -
lia ble ope ra tion un der chaos.

Key words: In ter mi ttency; sin gu lar maps; Ro bust chaos.

Ma pas sin gu la res caó ti cos

Re su men

Se con si de ra una fa mi lia de ma pas sin gu lares caóti cos como un ejem plo de un mo de lo
sim ple de sis te mas di ná mi cos que po seen  la pro pie dad de caos ro bus to en un ran go bien de fi ni -
do de sus pa rá me tros. Se cal cu lan las fron te ras crí ti cas que se pa ran la re gión don de ocu rre
caos ro bus to de la re gión don de exis ten pun tos fi jos es ta bles en el  es pa cio de pa rá me tros del
sis te ma. Se mues tra que las tran si cio nes al caos tie nen lu gar a tra vés de las ru tas de in ter mi -
ten cia tipo I y de in ter mi ten cia tipo III, y se de ter mi nan las fron te ras crí ti cas para cada tipo de
tran si ción en el dia gra ma de fa ses del sis te ma. La sim pli ci dad de es tos ma pas sin gu la res y su
di ná mi ca caó ti ca ro bus ta  los con vier ten en in gre dien tes úti les para la cons truc ción de mo de los
y en apli ca cio nes que re quie ran ope ra ción con fia ble en un ré gi men caó ti co. 

Pa la bras cla ve: In ter mi ten cia; ma pas sin gu lares, Caos ro bus to.

1.  In troduc tion

Many prac ti cal uses of the phe nome -
non of chaos have been pro posed in re cent
years, as for in stance, in com mu ni ca tions
(1, 2), in en hanc ing mix ing in chemi cal pro -
cesses (3), in avoid ing elec tro mag netic

interfer ences (4), in cryp tog ra phy (5), in sta -
bi liz ing plasma fu sion (6), etc. In such ap pli -
ca tions it is nec es sary to ob tain re li able op -
era tion of cha otic sys tems. 

It is known that most cha otic at trac tors
of smooth sys tems are em bed ded with a
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dense set of pe ri odic win dows for any range
of pa rame ter val ues. There fore in prac ti cal
sys tems func tion ing in cha otic mode, a
slight fluc tua tion of a pa rame ter may drive
the sys tem out of chaos. On the other hand,
it has been shown that some dy nami cal
systems can ex hibit ro bust chaos (7-9).  A
cha otic at trac tor is said to be ro bust if, for its 
pa rame ter val ues, there ex ist a neigh bor -
hood in the pa rame ter space with ab sence of 
pe ri odic win dows and the cha otic attrac tor
is unique (7). Ro bust ness is an im por tant
prop erty in ap pli ca tions that re quire re li able 
op era tion un der chaos in the sense that the
cha otic be hav ior can not be de stroyed by ar -
bi trar ily small per tur ba tions of the sys tem
pa rame ters. For ex am ple, ro bust chaos has
ef fi ciently been used in com mu ni ca tions
schemes (10).

In this ar ti cle we study a fam ily of sin -
gu lar maps as an ex am ple of a sim ple model
of dy nami cal sys tems that shows ro bust
chaos on a fi nite in ter val of their pa rame ter
values. In Sec tion 2 we in tro duce this fam ily
of maps and in ves ti gate their dy nami cal
prop er ties, both ana lyti cally and nu meri -
cally. It is found that the tran si tions to ro -
bust chaos in these sys tems oc cur ei ther
through the routes of type-I or type- III in ter -
mit tency (11). The re gion where ro bust
chaos takes place is char ac ter ized on the
space of pa rame ters of the maps. Con clu -
sions are pre sented in Sec tion 3. 

2. Sin gu lar maps

As a sim ple model of a dy nami cal sys -
tem dis play ing ro bust chaos, we con sider
the fol low ing fam ily of sin gu lar maps

( )x f x b x
n n n+

= = -
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2 [1]

where n ZÎ , z <1, and b is a real pa rame ter.
The ex po nent z de scribes the or der of the
sin gu lar ity at the ori gin that sepa rates two
piece wise smooth branches of the map
Equa tion [1].  These maps are un bounded,
that is, xn Î -¥ ¥( , ).  The Schwarzian de riva -

tive of the fam ily of maps Equa tion [1] is al -
ways posi tive, i.e.,
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for z <1. Thus maps de fined by Equa -
tion [1] do not be long to the stan dard uni -
ver sal ity classes of uni mo dal maps and do
not sat isfy Singer’s theo rem (12). As a con -
se quence, these sin gu lar maps do not ex -
hibit a se quence of period- doubling bi fur ca -
tions.  In stead, the con di tion Sf >0 leads to
the oc cur rence of an in verse period-
 doubling bi fur ca tion, where a sta ble fixed
point on one branch of the sin gu lar map
losses its sta bil ity at some criti cal value of
the pa rame ter b to yield ro bust chaos. It
should be noted that ro bust chaos has also
been dis cov ered in smooth, con tinu ous
one- dimensional maps (13).

Fig ure 1 shows the bi fur ca tion dia -
grams of the it er ates of map Equa tion [1] as a 
func tion of  the pa rame ter b for two dif fer ent
val ues of the sin gu lar ity ex po nent z. Fig ure 1
re veals ro bust chaos, i.e., the ab sence of
win dows of sta ble pe ri odic or bits and co ex -
ist ing at trac tors, on a well de fined in ter val of
the pa rame ter b for each value of z. 

The tran si tion to chaos at the bounda -
ries of the ro bust cha otic in ter val oc curs by
in ter mit tency. Inter mit tent chaos is char ac -
terized by the dis play of long se quences of
perio di clike be hav iour, called the lami nar
phases, in ter rupted by com para tively short
cha otic bursts. The phe nome non has been
ex ten sively stud ied since the origi nal work of 
Pomeau and Mannev ille (11) clas si fy ing
type-I, -II, and -III in sta bili ties when the Flo -
quet mul ti pli ers of the lo cal Poin caré map
as so ci ated to the sys tem crosses the unit cir -
cle. Type-I in ter mit tency oc curs by a tan gent 
bi fur ca tion when the Flo quet’s mul ti plier for
the Poin caré map crosses the cir cle of uni -
tary norm in the com plex plane through +1;
type- II in ter mit tency is due to a Hopf’s bi fur -
ca tion which ap pears as two com plex ei gen -
val ues of the Flo quet’s ma trix cross the uni -
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tary cir cle off the real axis; and type- III in ter -
mit tency is as so ci ated to an in verse pe riod
dou bling bi fur ca tion whose Flo quet’s mul ti -
plier is -1.

Two sta ble fixed points sat is fy ing 
f x x( )* *= and  ¢ <f x( )* 1 ex ist for each

value of z x: *
- <0 and x+ >* 0, both are seen in

Fig ure (1).  For z Î -( , )10 , the fixed point x-
*

be comes un sta ble at the pa rame ter value

b z z z
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- -= -( ) 1

1
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through an in verse pe riod dou bling bi fur ca -
tion that gives rise to chaos via type- III in ter -
mit tency,  while the fixed point x+

*  origi nates
from a tan gent bi fur ca tion at the value

b z z z
z

z z
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1
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and the tran si tion to chaos at this value of b
takes place through type-I in ter mit tency. On 
the other hand, for Z Î ( , )01  the be hav ior of
the fixed points is in ter changed: x-

*  ex pe ri -
ences a tan gent bi fur ca tion at the pa rame ter 
value b z- ( ) and a type-I in ter mit tent tran si -
tion to chaos oc curs; while the fixed point x+

*

un der goes an in verse period- doubling bi fur -
ca tion at the value b z+ ( ), set ting the sce nario
for a type- III in ter mit tent tran si tion to
chaos. There ex ist sev eral un sta ble pe riod-m
or bits { }x x xm1 2, , ,K  sat is fy ing 

f x xm
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1 in the cha otic in -

ter val [ ]b b z b zÎ + -( ), ( ) .  Fig ure 2 shows

some un sta ble pe ri odic or bits of the sin gu lar 
map with z = -0.25 as a func tion of the pa -
rame ter b.

Fi gu re 3 shows the cri ti cal boun da ries 
b z- ( ) and b z+ ( ) for the tran si tion to chaos.
The se boun da ries se pa ra te the re gion on the
pa ra me ter pla ne ( , )b z  whe re ro bust chaos ta -
kes pla ce from the re gion whe re sta ble fi xed
points of the maps Equa tion [1] exist. The
tran si tion to chaos via type-I in ter mi ttency
ta kes pla ce at the pa ra me ter boun da ries 
b z b zI ( ) ( )= +  for z Î -( , )10 , and b zI ( ) for 
z Î ( , )01 . On the other hand, the tran si tion to
chaos via type- III in ter mi ttency occurs at the 
cri ti cal pa ra me ter va lues b z b zIII ( ) ( )= -  for 
z Î -( , )10 , and b z b zIII ( ) ( )= +  for z Î ( , )01 . The
boun da ries b zI ( ) and  b zIII ( ) on the spa ce of
pa ra me ters ( , )b z  are in di ca ted in Fi gu re 3. 
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Fi gu re 1.  Bi fur ca tion dia grams of the ite ra tes

of the map Equa tion [1]  as a func tion

of the pa ra me ter b for two va lues of

the or der of the sin gu la rity z, showing 

ro bust chaos. Type-I or type- III in ter -

mi tten cies appear at the boun da ries

of the ro bust chaos in ter vals. (a) z =

-0.5;  (b) z = 0.5. 



The width of the in ter val for ro bust chaos on
the pa ra me ter  b  for  a gi ven z <1 is

Db z b z b z z z( ) ( ) ( )= - =+ -
-2
1

1 [5]

Fi gu re 4 shows the Lya pu nov ex po nent 
 as l func tion of the pa ra me ter b for the fa -
mily of maps Equa tion [1], for two va lues of
z, cal cu la ted as

l = ¢
=

å
1

1T
f xn

n

T

log ( ), [6]

with T = ´5 104  it er ates af ter dis card ing
5000 tran sients for each pa rame ter value.
The bounda ries b z- ( ) and b z+ ( ) cor re spond
to the val ues l = 0. The Lyapu nov ex po nent
is posi tive on the ro bust chaos in ter val Db z( ). 
The tran si tion to chaos through type-I in ter -
mit tency is smooth, as seen in Fig ure 4. In
con trast, the tran si tion to chaos via type III
in ter mit tency is mani fested by a dis con ti nu -
ity of the de riva tive of the Lyapu nov ex po -
nent at the pa rame ter val ues corre spond ing
to the criti cal bound ary  b zIII ( ).  This dis con ti -
nu ity is due to the sud den loss of sta bil ity of
the fixed point as so ci ated to the in verse pe -
riod dou bling bi fur ca tion that oc curs at the
bound ary b zIII ( ). The Lyapu nov ex po nent
can be re garded as an or der pa rame ter that
char ac ter izes the tran si tion to chaos via
type-I or type-III in ter mit tency.  This tran si -
tion can be very abrupt in the case of type- III
in ter mit tency, as seen in Fig ure 4.
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Fi gu re 2. Some unstable periodic orbits of the

singular map with z = -0.25, indicated

by dotted lines, as a function of b. The

stable fixed points  x-
*   and x+

*  are

plotted with solid lines. At the

parameter value b- = 09896. , the fixed

point x-
*  becomes unstable through

an inverse period-doubling

bifurcation, giving raise to the

unstable fixed point x- . At the value 

b+ = 16494. , a tangent bifurcation

takes place and the pair of points x+
*

(stable) and x+
*  (unstable) are born.

The period-2 unstable or bit x1  and x2 , 

satisfying f x f x( ) ( )1 2= , are shown. 

Fi gu re 3. Critical boundaries b z- ( ) andb z+ ( ) of

the robust chaos region for the

singular maps on the space of

parameters ( , )b z .  The thick, dark line

indicates the boundary b z
III

( ) for the

transition to chaos via type-III

intermittency. The thin, light line

corresponds to the boundary b z
I
( ) for

the onset of type-I intermittency. 



3. Con clu sions

We have in tro duced a fam ily of sin gu lar 
maps as an ex am ple of a sim ple model of dy -
nami cal sys tems ex hib it ing ro bust chaos on
a well de fined range of pa rame ters.  The be -

hav ior of these maps has been char ac ter ized
as a phase dia gram in the space of their pa -
rame ters, show ing a re gion where ro bust
chaos takes place and re gions where sta ble
fixed points oc cur.   We have shown that the
tran si tions to ro bust chaos in these sys tems
oc cur ei ther through the routes of type-I or
type- III in ter mit tency and have cal cu lated
the criti cal bounda ries for each type of tran -
si tion on the phase dia gram of the sys tems.
The sim plic ity of these sin gu lar maps and
the ro bust ness of their cha otic dy nam ics
make them use ful in gre di ents in the con -
struc tion of mod els and in ap pli ca tions that
re quire the prop erty of chaos.
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Fi gu re 4. Lyapunov exponent l as a function of

the parameter b for two values of z,

calculated over 5 10 4´  iterations after

neglecting 5 10 3´  iterates representing

transient behavior for each value of b.

(a) z = -0.5; (b)  z = 0.5.  
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